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Gradient descent prevails in artificial neural network training, but seems inept for spiking neural
networks as small parameter changes can cause sudden, disruptive appearances and disappearances of
spikes. Here, we demonstrate exact gradient descent based on continuously changing spiking dynamics.
These are generated by neuron models whose spikes vanish and appear at the end of a trial, where it cannot
influence subsequent dynamics. This also enables gradient-based spike addition and removal. We illustrate
our scheme with various tasks and setups, including recurrent and deep, initially silent networks.
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Introduction—Biological neurons communicate via short
electrical impulses called spikes [1]. Besides their overall
rate of occurrence, the precise timing of single spikes often
carries salient information [2-5]. Taking into account spikes
is therefore essential for the modeling and the subsequent
understanding of biological neural networks [1,6]. To build
appropriate spiking network models, powerful and well-
interpretable learning algorithms are needed. They are
further required for neuromorphic computing, an aspiring
field that develops spiking artificial neural hardware to
apply them in machine learning. It aims to exploit properties
of spikes such as event-based, parallel operation (neurons
only need to be updated when they send or receive spikes)
and the temporal and spatial (i.e., in terms of interacting
neurons) sparsity of communication to achieve tasks with
unprecedented energy efficiency and speed [7-9].

The prevalent approach for learning in nonspiking neural
network models is to perform gradient descent on a loss
function [10,11]. Importantly, during such learning the
representations change continuously and in a predictable
manner as the networks are compositions of functions that
are continuous in the network parameters. The transfer of
gradient descent learning to spiking networks is, however,
problematic due to the all-or-none character of spikes: the
appearance or disappearance of spikes is not predictable
from gradients computed for nearby parameter values. This
is because the gradient only accounts for changes in spike
timing of those spikes present when it is computed. Thus, a
systematic addition or removal of spikes via exact gradient
descent is seemingly not possible. This can, for example,
lead to permanently silent, so-called dead neurons [12,13]
and to diverging gradients [14]. Further, the network
dynamics after a spike appearance or disappearance may
change in a disruptive manner [15—18]. This can result in
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discontinuous changes of the representations, which are
given by the spike times, and of the loss during learning.

Nevertheless, there are two popular approaches for
learning in spiking neural networks based on gradient
descent. The first approach, surrogate gradient descent,
assumes binned time and replaces the binary activation
function with a continuous-valued surrogate for the com-
putation of the gradient [19]. It thus sacrifices the crucial
advantage of event-based processing and learning only
from spikes and necessitates the computation of state
variables in each time step as well as their storage [20]
(but see [21]). Furthermore, the computed surrogate gra-
dient is only an approximation of the true gradient. The
second approach, spike-based gradient descent, computes
the exact gradient of the loss by considering the times of
existing spikes as functions of the learnable parameters
[12,22]. It allows for event-based processing but relies on
ad hoc measures to deal with spike appearances and
disappearances and gradient divergence, in particular to
avoid dead neurons [23-27].

Here, we show that disruptive appearances and disap-
pearances of spikes can be avoided. Consequently, all
network spike times vary continuously and in some net-
work models even smoothly, i.e., continuously differen-
tiably, with the network parameters. This allows us to
perform nondisruptive, exact gradient descent learning,
including, as we show, the systematic addition or removal
of spikes.

Neuron model—The most frequently employed neuron
models when learning spiking networks are variants
of the leaky integrate-and-fire (LIF) neuron [14,18—
24,26,28,60,61]. LIF neurons, however, suffer from the
aforementioned disruptive spike appearance and disappear-
ance. For example, spikes can appear in the middle of a trial
due to a continuous, arbitrarily small change of an input
weight or time [Figs. 1(a) and 1(b)]. Here and in the
following, a trial refers to an individual run of an experi-
ment with finite duration.
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FIG. 1. Disruptive and nondisruptive appearance of spikes.

(a),(b),(d) Spike times of the LIF neuron can appear disruptively
in the middle of a trial. (a),(c),(d) Spike times of the QIF neuron
only appear nondisruptively at the trial end and otherwise change
continuously with changed parameters. Left column: a neuron
receives a single input, whose weight is increased (traces with
increasing saturation). Right column: a neuron receives an
excitatory as well as an inhibitory input whose arrival is moved
to larger times. (a) Setup (gray, different input currents). (b) LIF
neuron membrane potentials [purple traces, saturation corre-
sponding to (a); V. and Vg, resting and threshold potential;
T, trial duration] and spikes (top, ticks). (c) Like (b) for the QIF
neuron (V,, separatrix potential). (d) Times of the first output
spike as function of the changed parameter; dots correspond to
equally colored spikes in (b),(c). Left: w,;,, weight at which the
spike appears at finite time for the LIF neuron and at infinity for
the QIF neuron. Inset: spike time gradient, divergent for the LIF
neuron.

We therefore consider instead another important standard
spiking neuron model, a quadratic integrate-and-fire (QIF)
neuron [6,62,63]. Its membrane potential dynamics are
governed by V = V(V — 1) + I, where I consists of tem-
porally extended, exponentially decaying synaptic input
currents, 7/ = —I 4+ 7,y ;w; y_, 8(t — 1;). Here, 7, is the
synaptic time constant, measured in multiples of the
membrane time constant z,, = 1, and i indexes the pre-
synaptic neurons, which spike at times f#; and have a
synaptic weight w;. In contrast to the LIF neuron, where
V decays linearly with V, the QIF neuron explicitly
incorporates the fact that in biological neurons the mem-
brane potential further increases due to a self-amplification
mechanism once it is large enough. As this generates spike
upstrokes, the QIF neuron may be considered as the
simplest truly spiking neuron model [63]. The voltage

self-amplification is so strong that the voltage actually
reaches infinity in finite time. One can define the time when
this happens as the time of the spike, reset, and onset of
synaptic transmission. We adopt this and henceforth call
positive infinity the threshold of the QIF neuron for
simplicity. For sufficiently negative voltage, the voltage
increases strongly as well. The neuron can thus be reset to
negative infinity, from where it quickly recovers. For LIF
neurons, one needs to define finite threshold and reset
potentials.

Nondisruptive appearance and disappearance of spikes
and smooth spike timing—In the QIF neuron, spike times
only appear and disappear at the trial end; otherwise they
change smoothly with the network parameters. Importantly,
this kind of spike appearance and disappearance is non-
disruptive since the are no more spiking dynamics after the
trial end that could be affected.

The mechanism underlying this feature can be intuitively
understood: the voltage slope V at the threshold is infinitely
large. If there is a small change, for example, in an input
weight (Fig. 1, left column, blue curves), V and V will still
be large close to where the spike has previously been.
Therefore a spike will still be generated, only a bit earlier or
later, unless it crosses the trial end. This is in contrast to the
LIF neuron, where V at the threshold can tend to zero and a
spike can therefore abruptly appear or disappear, accom-
panied by a diverging gradient (Fig. 1, left column, purple
curves). A similar mechanism applies if there are changes
in an input time as in Fig. 1, right column: an inhibitory
input is moved backward in time until it crosses the time of
an output spike generated by a sole, previous excitatory
input [#;, crosses 7y, in Fig. 1(d) right]. In the QIF neuron, V
and V are infinitely large at this point, such that the
additional inhibitory input is negligible compared to the
intrinsic drive. Thus there is no abrupt change in spike
timing. In contrast, in the LIF neuron the inhibitory input
induces a downward slope in the potential also if it is at the
threshold. The spike induced by the excitatory input alone
therefore suddenly appears once the inhibitory input
arrives later.

In Supplemental Material, Sec. II [28], we prove the
smoothness of the spike times and their nondisruptive
appearance and disappearance in the general case with
multiple inputs and output spikes.

Pseudodynamics and pseudospikes—The nondisruptive
disappearance of spikes allows spike-based gradient
descent to remove them in a controlled manner by shifting
them past the trial end. In contrast, the gradient contains no
information about spike appearances at the trial end,
precluding the systematic addition of spikes. Being able
to add spikes is, however, important because a neuron may
initially or at some point during learning spike insuffi-
ciently often for the task or even be completely silent.

To solve this problem, we appropriately extend the
ordinary dynamics by what we call pseudodynamics.
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Concretely, we propose two types of pseudodynamics. In
the first type, which we use in our applications, the neurons
continue to evolve as QIF neurons, but with an added
constant, suprathreshold drive, until they have spiked
sufficiently often for the task [28]. We call the additional
spikes pseudospikes. They only affect the pseudodynamics
of postsynaptic neurons by controlling the value of the
added drive. This ensures generically nonzero gradients.
The continued evolution as a QIF neuron ensures con-
tinuity and mostly smoothness of the spike times, even if a
spike transitions from a pseudospike to an ordinary one. In
Supplemental Material, Sec. IB [28], we suggest a second
approach where the spike times remain completely smooth.

Both types of pseudospike times have several useful
properties: (i) they depend continuously and mostly
smoothly on the network parameters, also when the
pseudospikes cross the trial end to turn into ordinary
spikes. (ii) If the voltage at the trial end increases, the
pseudospike times decrease, intuitively because the neuron
is already closer to spike. (iii) Pseudospikes affect post-
synaptic pseudospikes but not ordinary ones. (iv) The
pseudospikes interact such that the components of the
gradient in multilayer networks are generically nonzero
also if neurons are inactive during the actual trial duration.
(v) The pseudospike times are computable in closed form.

Similar pseudospike time functions can be found for
other neuron and synapse models with continuous spike
times such as QIF neurons with infinitesimally short
synaptic currents that generate voltage jumps [28].

Gradient descent learning—In the following, we apply
spike-based gradient descent learning on the neural net-
work models with continuous spike times identified above.
We choose single neuron models with a closed-form
solution between spikes and for the time of an upcoming
spike. The former enables and the latter simplifies the use
of efficient event-based simulations and modern automatic
differentiation libraries [64,65] (The code to reproduce
these results is publicly available [66].).

Interestingly, such solutions exist for the QIF neuron
with temporally extended, exponentially decaying synaptic
input currents if 7, = 7,,/2 [28]. This is compatible with
often assumed biologically plausible values, for example
with a membrane time constant about 10 ms and a synaptic
time constant about 5 ms [1,6]. In the examples in this
Letter, we therefore use these values.

In the last of our three applications we employ oscillating
QIF neurons with infinitesimally short input currents.
Between spikes, they evolve with a constant rate of change
in an appropriate phase representation [6,62,63,67], which
further simplifies the event-based simulations. While their
spike times are continuous, they are not smooth, as the
derivative with respect to the time or weight of an input
spike time jumps if it crosses another one.

Single neuron learning—As a first illustration of our
scheme, we learn spike times of a single QIF neuron

[Fig. 2(a); see [28] for details on models and tasks]. Initially
it does not spike at all during the trial [Fig. 2(b), left]. We
apply spike-based gradient descent to minimize the quad-
ratic difference between two target and the first two output
spike times (which may also be pseudospike times). The
neuron is set to initially generate two pseudospikes, one for
each target spike time. While not necessary in the displayed
task, superfluous (pseudo)spikes can be included into the
loss function with target behind the trial end to induce their
removal if they enter the trial.

The use of pseudospikes allows one to activate the
initially silent neuron [Fig. 2(c), gray background]. In
doing so, the pseudospike times transition smoothly into
ordinary spike times [Fig. 2(c), white background]. They
are then shifted further until they lie precisely at the desired
position on the time axis [Fig. 2(b), right]. The spike times
change smoothly [Fig. 2(c)] and the loss gradient is
continuous [Fig. 2(d)]. The example illustrates that our
scheme allows one to learn precisely timed spikes of a
single neuron in a smooth fashion and even if the neuron is
initially silent.

Learning a recurrent neural network—Next, we con-
sider the training of a recurrent neural network (RNN),
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FIG. 2. Smooth gradient descent learning in a QIF neuron.
(a) Weights (purple) and times (orange) of two inputs are learned
to adjust the first two output spike times (blue). (b) Left: before
learning, the neuron does not spike (gray ticks, target spike times;
horizontal gray lines, V., Vieq, OF zero input current; black bars,
potential or current difference of 1; orange, black ticks, learned,
other input spikes). Right: after learning, the neuron spikes at the
desired times (blue ticks cover gray ticks). (c) During learning,
the [pseudo (gray area)] spike times change smoothly [colors as
in (a); gray circles, target spike times]. (d) The components of the
gradient of the loss function L change continuously during
learning (dL/ow; mostly covered by OL/dty ;). Learning
progress is displayed as a function of the arc length of the
output spike time trajectories since the start of learning [28].
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FIG. 3. Learning precise spikes in a RNN. (a) Network
schematic. Neurons receive in each trial the same spikes from
external input neurons (gray). Spike times of the first two network
neurons are learned (blue and orange). (b) Spikes of network
neurons before (left) and after (right) learning (colored ticks,
spikes of first two neurons; gray ticks, target times). (c) Spike
time trajectories of the first neuron during learning. Desired
spikes (blue traces) shift toward their target times (gray circles).
The first superfluous spike (black trace) is pushed out of the trial.
(Gray area indicates pseudospikes.) (d) Same as (c) but the spike
times are shown as a function of the arc length of the output spike
time trajectories [28], which demonstrates their continuity,
despite the occurrence of large gradients [cf. the steplike
change in (c)].

where spike time changes have a global impact. It can be
useful for the reconstruction of cortical networks
[18,68,69]. We consider a fully connected RNN of ten
QIF neurons with external inputs and learn the spike times
of two network neurons by updating the recurrent weights
and initial conditions [Fig. 3(a)]. In contrast to the learning
of all network spikes [18,70], this does not reduce to
independently finding a mapping from given input spike
times to output spike times for each neuron.

Our scheme is successful also in this scenario and the
spike times are precisely learned [Fig. 3(b)]. As in the
previous example, the spike times of the first neuron
change continuously during learning without discrete
jumps [Figs. 3(c) and 3(d)]. Because of large gradients,
which are typical for all kinds of RNNs [71], some changes
are jumplike for the second neuron [28]. The underlying
continuity becomes clear when restricting the maximal
spike time change per step using adjustable update step
sizes [28]. Hence, this example illustrates the applicability
of our scheme to recurrent networks.

Standard machine learning task—Finally, we apply our
scheme to the classification of hand-written single-digit
numbers from the MNIST dataset, which is a widely used
benchmark in neuromorphic computing (e.g., [20,24,61]).

We employ a three-layer feedforward network consisting
of oscillatory QIF neurons with infinitesimally short input
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FIG. 4. MNIST task. (a) Spike raster plot of the three-layer
network. Left: silent neurons before learning. Inset: example
input also used on the right and in (b). Right: sparse spiking after
learning. (b) Voltage dynamics of the output neurons after
learning (horizontal gray line, V . ; black bar, potential difference
of 1). (c) Classification error dynamics. Utilizing pseudospikes
also during testing (orange) generates smaller test errors in early
training (solid lines indicate mean and shaded areas standard
deviation over ten network instances).

currents. For each input pixel, there is a corresponding
input neuron, which spikes once at the beginning of the trial
if the binarized pixel intensity is 1 and otherwise remains
silent. The index of the neuron in the output layer that
spikes first is the model prediction [72].

To demonstrate that our scheme allows one to solve the
dead neuron problem even if neurons in multiple layers are
silent, we randomly initialize network parameters such that
there are initially basically no ordinary spikes [Fig. 4(a),
left]. Yet, the pseudospike time-dependent, imposed inter-
action between the neurons allows to backpropagate errors.
Hence, the hidden and output neurons are activated
[Figs. 4(a) right, (b)]. Finally basically all hidden neurons
spike before the first output spike for some input image
[28], indicating that they contribute to inference. Still
activity is sparse. The final accuracy of 97.3% when only
considering ordinary output spikes is comparable to pre-
vious results with similar setups [23-25,73]. If we also
allow pseudospikes during testing (which only affects trials
without ordinary output spikes), the accuracy does not
change much. The minimal error level is, however, reached
faster [Fig. 4(c)]. Thus, our scheme achieves competitive
performance in a neuromorphic benchmark task even if
almost no neurons are initially active.

Discussion—We have shown that there are neural net-
works with spike times that vary continuously or even
smoothly with network parameters; ordinary spikes only
appear and disappear at the trial end and can be extended to
pseudospikes. The networks allow one to learn the timings
of an arbitrary number of spikes in a continuous fashion
with a spike-based gradient.
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Perhaps surprisingly, the networks may consist of rather
simple, standard QIF neurons. These are widely used in
theoretical neuroscience [6,63], also for supervised learn-
ing [68,74,75], and have been implemented in neuro-
morphic hardware [76,77]. However, the particularity
that spikes only appear and disappear at the trial end has
not been noticed and exploited. We expect also that further
neuron models exhibit spikes with continuous timings if
their voltage slope close to the threshold is guaranteed to be
positive. This includes neuron models that generate spikes
by reaching infinite voltage, such as hybrid leaky integrate-
and-fire neurons with an attached, nonlinear spike gener-
ation mechanism [78], the Izhikevich neuron with minor
modifications [63], the rapid theta neuron [79,80], the sine
neuron [81], and the exponential integrate-and-fire neuron
[6]. It further includes intrinsically oscillating LIF neurons
and antileaky integrate-and-fire neurons [82], if the impact
of synaptic input currents vanishes at their spike threshold.
We also expect that synapses with continuous current rise
will be feasible, as well as conductance-based synapses.

On the one hand, our scheme possesses the same
advantages as other spike-based gradient descent ap-
proaches such as small memory and computational foot-
prints and a clear interpretation as following the exact loss
gradient. On the other hand, like standard machine learning
schemes it produces no disruptive transitions during learn-
ing and no gradient divergences. This suggests a wide range
of applications: when studying biological neural networks,
our scheme may be used to learn neurobiologically relevant
tasks, to benchmark biological learning, to investigate how
the network dynamical solutions may work, and to recon-
struct synaptic connectivity from experimentally (partially)
observed spiking activity. Furthermore, it may be used to
train networks in neuromorphic computing (see [28] for
further discussion). It generally allows one to benchmark
other learning rules whose underlying mechanisms are less
transparent and to train and pretrain networks before
converting to a desired neuron type that complicates
learning.

The dynamics of spiking and nonspiking neural net-
works can be chaotic [82-86] and give rise to exploding
gradients [10,28,71,87]. We therefore restricted our learn-
ing examples to at most ten multiples of the membrane time
constant. This fits the length of various experimentally
observed precisely timed spike patterns [2,88-92] and the
fast processing of certain tasks in neuromorphic computing
[20,23-25,73].

Our pseudospikes allow the gradient to “see” spikes
before they appear and to thus add spikes in a systematic
manner. Pseudospikes affect the pseudospikes of postsy-
naptic neurons and ultimately of the output neurons. This
preserves the gradients of the ordinary spike times and
solves, in particular, the dead neuron problem. In a some-
what related approach, silent output neurons were assumed
to spike at the trial end [26,27]. Our pseudospikes,

however, apply to all neurons and allow one to back-
propagate errors through silent neurons. The resulting
possibility of initializing an entire network with small
weights may be important to induce desirable and biologi-
cally plausible features such as energy-efficient final
connectivity and sparse spiking [7,93], sparse coding
[94], and representation learning [95].

To conclude, the present study shows something that
seemed fundamentally impossible [8]: despite the inherent
discreteness of spikes, there can be exact nondisruptive,
even smooth gradient descent learning in spiking neural
networks, including the gradient-based removal and, after
augmentation with pseudodynamics, also generation of
spikes.
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I. MATERIALS AND METHODS
A. Neuron models
1. QIF neurons with extended coupling

We focus in our article on quadratic integrate-and-fire (QIF) neurons [1-3] that obey the ordinary differential
equation

V(t) =V (&) (V(t)—1)+ I(t). (S1)

If V' reaches infinity, V(ts’p) = Vo = o0, an output spike is generated, and the voltage is reset to negative infinity,
V(tjp) = Vieset = —00. The superscripts — and + denote the limits from the left and right, respectively, which may be
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interpreted as the times immediately before and after ty,. For small V' Eq. (S1) reduces to the LIF equation Eq. (S19)
with dimensionless membrane time constant 1. Time is thus measured in multiples of the membrane time constant.
Further, we have scaled and shifted the voltage such that without input the QIF neuron has a stable fixed point at
the resting potential Viesy = 0 and an unstable fixed point at the separatrix potential Vi, = 1: For I(¢) = 0 and
Vo = V(0) = Viest or Vo = Viep, the right hand side (rhs) of Eq. (S1) is zero, such that one has a fixed V(¢) = Vj.
If Vo < 0, the rhs is positive and V' increases towards Viess. Similarly, if Viep > Vo > Viest, the rhs is negative and
V' decreases towards Viesy. If Vi > Viep the rhs is positive, V() accelerates towards infinity and a spike is generated.
Veep thus separates the two classes of trajectories with qualitatively different behavior.

For I(t) = 0 one can solve Eq. (S1) by separation of variables. With the initial condition V(0) = V; the time course
of the voltage reads

Vo
Vo — (Vo — 1)exp(t)

Eq. (S2)’s rhs denominator, Vo — (Vo — 1) exp(t), is at t = 0 positive (equal to 1). If Vi > Vep, it thereafter decreases
as the subtrahend (Vp — 1) exp(t) increases with time. The denominator becomes zero when ¢ equals the spike time

— VO
=10 (). (53)

V(t) = (52)

such that V(tsp) = 00. tsp depends smoothly on Vj and if V) tends to Viep, tsp tends to infinity.

The input current I(¢) consists of contributions due to spikes arriving from other neurons in the considered network.
Additionally, there may be a constant input current component Iy, which covers average input from further neurons
that are not explicitly modeled. To model temporally extended synaptic coupling, we implement standard current-
based exponentially decaying synapses [4-6]. Specifically, at a spike arrival time ¢; of a spike from neuron 4, I(t)
increases about the strength w; of the synapse from neuron i. Between spike arrivals, the current decays exponentially
with time constant 75. I(t) thus obeys

rd(t) = —(I(t) — Iy) JrTSZwiZ(;(t — ), (S4)

with the Dirac delta distribution 6. We focus on neurons with Iy = 0 in our article.

2. A closed-form solution

Interestingly, Egs. (S1) and (S4) have a closed-form solution between spikes, if 74 = 1/2 and Iy = 0 (in general
the solution involves Bessel functions [7]): To obtain it, we first shift the time origin to the beginning of the period
of interest. Since the period of interest extends only to the next input or output spike, it does not contain spike
arrivals and all synaptic input currents decay exponentially. Since, furthermore, all synaptic decay time constants are
identical, this implies that we can gather the currents into a single exponentially decaying one: Eq. (S4) with I =0

yields
= sz Z eit::i = (Zwl Z e~ et )eit;so = I(O)eit;so = we (S5)

i t; <0 [ t; <0

where we have called the current strength at the time origin w = I(0) and inserted 75 = 1/2. Using this in Eq. (S1)
gives

V(t) = V()2 =V (t) +we 2. (S6)
The simple substitution V() = e *u(t) leads to a differential equation for u(t) where the variables separate,
a(t) = (u?(t) +w)e™, (S7)

[8] (part C, Eq. (I-55)). The solution of Eq. (S6) with V(0) = V} is thus

Vo—(Vo Vol)exp(t) if w=0,

Vwe ™t tan (arctan ( ) +yVw(l-—e t)) , if w >0,

V(t) = { sgn(Vo)v/—we™?, if w<0and Vo] =v—w, (S8)
v—we™t coth (arcoth ( Yo ) V-w(l—e t)) , ifw<0and |Vo| > v—w,

/—we ™t tanh (artanh ( ) V—w(l—e" )) , ifw<0and V| < vV—w.




This solution yields closed-form conditions for the generation of output spikes and even closed-form expressions
for the spike times. The case w = 0 is discussed in the previous paragraph. A spike is generated if Vjp > Vi = 1;

Eq. (S3) provides the spike time. If w > 0, we have a spike under the condition that \/w + arctan (%) > Z: The
Vo

argument of tan in the second line of Eq. (S8) is initially smaller than 7/2 because arctan (ﬁ) < 5 and the second
summand is zero. The condition ensures that for time tending to infinity the argument exceeds /2, since e tends

to zero. Therefore for some finite spike time tg,, the argument reaches 7/2 from below and tan and V(¢) tend to
positive infinity when tg, is approached. Setting the argument equal to /2 yields

tp=—In (1 - ﬁ + % arctan (\‘%)) . (S9)

For w < 0, there is no spike generation if [Vy| < /—w, because the solutions are bounded by /—w. If Vj > /—w
there a spike is generated under the condition that arcoth (\/%) — +/—w < 0 holds: the argument of coth in the

third line of Eq. (S8) is initially positive, since arcoth is positive for arguments larger than 1. The condition ensures
that for time to infinity the argument becomes smaller than zero, since e~? tends to zero. Therefore the argument
reaches zero at a finite time from the positive side such that coth and V'(¢) tend to positive infinity. This happens at

P (1 - \/% arcoth (\}%)) . (S10)

3. Phase representation

For the second type of pseudospike times (Sec. I B) and for our analytical considerations (Sec. II), we transform the
voltage of QIF neurons with extended coupling to an angle variable. In other words, we transform the QIF neuron to
a f-neuron [1-3, 9]. The transformation is smooth, i.e. continuously differentiable, and bijective, except at spiketimes,
where V' becomes infinitely large and is reset. Concretely, we use

1 \%4 1
¢ = ®(V) = — arctan () + -, (S11)
T s 2
such that the threshold and reset of ¢ are o = 1 and ¢reset = 0. Identifying the phases of threshold and reset with
each other lets the ¢-dynamics take place on a circle, S'. They obey the differential equation

1 V@)/x B 1. 1 .
AT E (VO cos(mo(t)) (cos(wq&(t)) + = sm(ﬂ'gb(t))) + = sin?(r(t))1(t), (S12)

o(t) =
where we used Egs. (S11) and (S1) and V = ®~1(¢) = —mcot(r¢). The point ¢ = 1, which is the same as ¢ = 0,
is not particularly special anymore, as the right hand side of the differential equation is infinitely often continuously
differentiable there. ¢’s temporal derivative at this point equals 1, independent of I.

4. QIF neurons with infinitesimally short coupling

Furthermore, we consider QIF neurons with input currents of infinitesimally short extent [5, 10-14]. These induce
a jump-like response in the voltage upon input arrival. Specifically, at a spike arrival from neuron i, V(t) increases
by the synaptic strength w;. V() and I(t) are thus determined by

V() =V()(V(t)—1)+ I(t), (S13)
I(t) =To+7m Yy _wi »_6(t—t;). (S14)

Here, 7, is the membrane time constant, Iy is the constant input current component and, as before, the voltage
threshold is Vo = 0o and the reset potential Vieget = —00. )

In our simulations, we always use a suprathreshold constant input current, i.e. Iy > 1/4, which ensures that V' (¢) is
positive if there is no further input. Hence, the neurons are intrinsically oscillating. Their dynamics between spikes



is simplified: they have no fixed points anymore and the voltage is always monotonously increasing. We transform
the QIF neuron to a ©-neuron, using the transformation

+= . (S15)

V:<I>_1(¢):\/I0—itan< Io—ifn—;.[-)‘i‘; (816)

The threshold and reset of ¢ are then given by ¢po = ®(o0) = miu7/4/ Lo — i and @reset = P(—00) = 0, respectively.

We choose a slightly different transformation than before (cf. Eq. (S11)), because it results in a constant phase velocity
between spikes,

o(t) = 1. (S17)

The closed-form solution of Eq. (S17) between spikes and with ¢(0) = ¢q is simply ¢(t) = ¢o + t. If there are no
spike arrivals, the next spike thus happens at ts, = ¢pg — ¢¢. Such simple expressions are convenient for event-based
simulations. At a spike arrival from neuron i at t;, ¢ changes according to the transfer function or phase transition
curve Hy,(¢) [15-17]. Concretely,

$(t]) = Hu, (6(t7)) = @ (271 (g(t7) + wi) - (S18)

5. LIF neurons with extended coupling

For comparison purposes, we also consider LIF neurons with extended coupling;:
V() =-V(t)+ (1), (S19)
(1) = —(I(t) = Io) + 7 Y _w; »_ 6t — i), (S20)
i t

where Ij is the constant input current component and ¢ indexes the presynaptic neurons with corresponding synaptic
weights w; and spike times ;. Time, including the synaptic time constant 7, is measured in multiples of the membrane
time constant 7, and the voltage has been shifted and scaled such that the resting potential is at Viet = 0 and the
threshold at Vg = 1. Directly after reaching the threshold, the voltage is reset to Vieset = Viest-

Assuming Iy = 0 and 7y # T, the closed-form solution of Eq. (S19) with V(0) = Vi and I(t) = we ¥/™, i.e.
between spikes, is given by

Ts t

(et —e 7). (S21)

V(t)=Voe "+ w

1—17

If 75 = 1/2, the ths of Eq. (S21) is quadratic in e, which allows to compute the time of the next spike, in case there
is one, in closed form [18]. Specifically, the threshold crossing happens at

tp=—1In (210 (Vo +w+ (Vo +w)? - 4wV@>) : (S22)

Here we assumed that the argument of the logarithm lies between 0 and 1, which ensures that V() reaches V.

B. Pseudospikes
1. First type of pseudospikes for QIF neurons with extended coupling

In this section, we explain the first type of pseudodynamics and pseudspikes for QIF neurons with extended coupling,
cf. Sec. IA 1. For the pseudodynamics we assume that the neurons behave like freely evolving QIF neurons with an
added, constant drive after the trial end. Specifically, we define them to be

Von(t) = V() (Voult) 1) +  + 5(7pe) (52)



with initial condition Vs(T') = V(T'), where T is the trial length. I, is a modified version of the input current at the
trial end I(T), see below, and ¢g(I) = alog(1 +exp(I/«)) with a free parameter o > 0. Choosing the pseudodynamics
to also be quadratic ensures the smooth transition of ordinary spike times to pseudospike times (see Sec. IITA 1). The
added, suprathreshold drive Iy = % + g(Ips) ensures that the pseudodynamics are oscillatory (g(Ips) is positive), such
that pseudospikes are generated.

One can transform the voltage of the pseudodynamics with the same transformation as in Sec. A4 to an angle
variable,

= —# arctan Lm T
Pps = P1,. (V) = Naw) ( t < g(Ips)> + 2) : (S24)

The threshold and reset of ¢, are then given by ¢o 1, = m/\/g(Ips) and ¢reset = 0, respectively. Eq. (S23)

transforms to qivps = 1, making the computability of the pseudospike time in closed form obvious. Specifically, the
general expression for the time of the kth spike, in case it is a pseudospike, is

tps =T + (k — ngriat)do,1,. — @1, (V(T)), (S25)

where ny,ia) is the number of ordinary spikes. The factor (k — nyia1) ensures continuity of spiketimes whenever the
current or a previous spike time crosses the trial end (see Sec. IIT A 2 for details). For example, if an ordinary spike
becomes a pseudospike, —®; (V(T)) jumps by —¢e 1, since the reset crosses T'. This is canceled by the simultaneous
jump of (k — nial) o, Iys DY P01, Since nyia decreases by one. The spiketimes ¢,5 thus change continuously.

To ensure generically non-zero gradients, the pseudospike times should be affected by other neurons even if they
are not generating ordinary spikes. During the trial, a presynaptic spike leads to a jump of the input current about
the synaptic weight. Inspired by this, we here assume that presynaptic neurons affect the constant input current Iy
by a fraction of the synaptic weight. Specifically, we set

@y, , (Vi(T))
Ls=1I1(T P2l - P2 S
p (T) + ; wj bo 1., (526)

where j indexes the presynaptic neurons. Thus, for each neuron j a fraction of its synaptic weight w; is added to
the input current at the trial end I(7). This fraction depends on how close neuron j is to producing a spike at the
trial end, reaching one when the neuron reaches the threshold there. The additional input ensures that errors can
be backpropagated through silent neurons and guarantees continuity of I, in case a presynaptic spike from neuron j
crosses the trial end: then I(T) jumps by w;, which is canceled because V;(T') jumps from oo to —oco, which induces
a jump in @7 (V;(T)) by —de, 1, (see Sec. III A3 for details). Finally, one needs to specify the initial values of
Is and the order in which Eq. (S26) is evaluated given the neural network architecture. Specifically, in a feedforward
network, we set I, = I(T') for the neurons in the first layer and then use Eq. (S26) to sequentially compute Ips for
the other layers. In a recurrent network, we first set I,s = 0 for all neurons and then use Eq. (S26) to compute the
final values of Ips. These choices ensure the validity of the pseudospike properties listed in the main text.
The scaling factor in Eq. (526) can be rewritten as

01, (Vi(T)) _ 555 — tos

r; = = . S27
J (b@,IpS,j ti)ns?;( _ T ( )

Here, tps,; is the first pseudospike time of neuron j and
psg = T+ 001, (S28)

is its latest possible timing, which occurs for V;(T) — —oo. This shows that neurons with earlier first pseudospike
have a stronger influence on the pseudospike times of their postsynaptic partners. Furthermore, Eqs. (527), (S24)
and (S26) show that r; may be expressed as

T, = fi(ijrj). (829)

Thus, we can compute the pseudospike times like the states in a network of rate neurons that is run for one time step.
Comparing Eq. (S29) and Eq. (S27) yields the activation function

2., (VilT)) _ 1 ctan (V(T)—W) L1 (S30)
)) 2

file) = 0,1, ; m g(L;(T) + x

’Zj wiT; =T
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Figure S1. First type of pseudodynamics and pseudospikes. The figure shows in panels (a-c) results of simulations of a single
neuron (neuron 1) that receives a single input spike; another neuron (neuron 2) is connected to neuron 1 and receives its output
spikes (d-f). (a) Schematics of neuron 1, highlighting that it has a single input connection with weight w and a single output
connection. (b) Ordinary and pseudodynamics of neuron 1 for two different weight values. Left, blue traces: w = 5wmin, where
Wmin is the weight at which an ordinary spike appears at infinity (cf. main text Fig. 1). During the ordinary dynamics (white
background), the input current (lower panel) due to the input spike is strong enough to induce an ordinary spike (upper panel,
light blue vertical tick). Right, orange traces: w = 0, the neuron does not generate ordinary spikes. During the pseudodynamics
(gray background) the input current is set to a constant, suprathreshold value. This value depends on the input current at the
trial end, I1(T), and is therefore different for the blue and orange traces. The pseudodynamics start at Vi(T') and generate
pseudospikes. The pseudodynamics continue until the desired number of spikes is generated, which we here assume to be three.
(c) Times of the three spikes of neuron 1 and their derivatives with respect to the input weight, as a function of the input
weight. The spike times and their derivatives are continuous, which means that gradient descent can be used to smoothly shift
spike times into the trial. Vertical lines correspond to similarly colored examples shown in (b). (d) Schematics of neuron 2,
highlighting that it receives a connection with weight ws; from neuron 1. (e) Same as (b) but for neuron 2. The value of
the input drive during the pseudodynamics depends on I2(7") and on the first pseudospike time of the presynaptic neuron 1
(dependency highlighted in red). Therefore it is different for the blue and orange traces. (f) Same as (c) but for neuron 2. The
spike times are continuous and mostly smooth. Discontinuities of the derivatives of pseudospike times (insets) appear when a
spike of the presynaptic neuron 1 crosses the trial end 7. Gradient descent can be used to shift spike times into the trial even
if neither neuron 2 nor neuron 1 spike during the trial.

In contrast to common networks of rate neurons, the activation function generally changes in each learning step, as
it depends on V;(T) and I;(T).

In Sec. ITT A, we show the continuity and mostly smoothness of the here defined pseudospike times. Fig. S1 illustrates
the computation of pseudospike times and the continuous and mostly smooth dependence of spike times on network
parameters.



2. Second type of pseudospikes for QIF neurons with extended coupling

In the following, we explain the second type of pseudodynamics and pseudspikes. They are based on extending
the dynamics behind the trial end, first according to the same differential equations that also govern the ordinary
dynamics, thereafter according to simplified dynamics. For consistency with our explanation of the first type of
pseudodynamics and pseudspikes, it makes most sense to call all dynamics and spikes within the trial duration [0, T]
ordinary dynamics and ordinary spikes. We use this convention in the main text; it implies that pseudospikes only
influence pseudospikes, property (iii) in the main text. The pseudodynamics then consist of two parts, a first part
obeying the same dynamical equations as the ordinary dynamics and a second part obeying modified dynamics. To
simplify the subsequent explanations, we choose a different convention in the current section: We denote all dynamics
that obey the ordinary dynamics equations by ordinary dynamics, even if they extend beyond T. Further, we call
only the modified dynamics pseudodynamics.

The basic ideas behind the construction of the second type of pseudodynamics and pseudspikes may then be
gathered as follows: (i) The ordinary neuronal dynamics guarantee smoothness of spikes, so we use it during the time
when inputs arrive. (ii) (Active) Pseudospikes depend only on the phase at the end of the ordinary dynamics. (iii)
If an ordinary spike disappears or appears a corresponding pseudospike appears or disappears at the beginning of
the ensuing period of pseudodynamics. (iv) (Active) Pseudospikes that change to ordinary spikes are immediately
replaced, such that there is always exactly one pseudospike per neuron. (v) The precise functional dependence of
(active) pseudospike times on the phase at the end of the trial is such that spike times change smoothly with the
network parameters also for special events like pseudospikes becoming ordinary ones.

In detail, we consider a feedforward network of L layers. The trial and thus the input spike trains last until 7.
The ordinary dynamics of the neurons in each layer beyond the first hidden layer are increasingly extended: in layer
l=1,..., L they last until

-1
T,=T+ 0 (S31)
i.e. if we go up one layer, the ordinary dynamics last a fraction 1/d of the membrane time constant longer. We assume
d > 1, which ensures the smoothness of spike times. After the ordinary dynamics, each neuron i in layer | generates
pseudodynamics that lead to one pseudospike time
tos = Ti & — 50(T1) (532)
where ¢(1}) is the phase Eq. (S11) at the end of the ordinary dynamics. If ¢(7;) = 1, which is the same state as
¢(T;) = 0, the value 0 is inserted into Eq. (S32), such that ¢, lies in the half open interval (73, T; + %] directly ensuing
the period of ordinary dynamics. The pseudospike times from layer [ — 1 thus arrive at the neurons of layer [ towards
the end of their ordinary dynamics. A pseudospike time ¢,s in a neuron of layer [ may be interpreted as resulting
from completely externally driven pseudodynamics ¢ps beyond 7;. The continuous matching ¢)ps(Tl+) = ¢(T7) to the
preceding dynamics and the spike time condition ¢ps(tps) = 1 imply that they can be specified as

Gps(t) = dps(T}7) + 1 (1= d(t = T0)) %, (S33)
such that they obey the differential equation
dps(t) = (1= d(t = T1)) 4", (534)

Using @1 (cf. Eq. (S11)), they can be transformed into voltage pseudodynamics, as displayed in Fig. S2a. Pseudo-
dynamics with d = 1 linearly extrapolates the phase ¢(T}) to the threshold with slope one, such that the pseudospike
happens at t,s =T} + 1 — ¢(T7).

If the network parameters change, pseudospikes become ordinary ones and vice versa. The related spiketimes change
smoothly. For example, if a pseudospike of a neuron in layer [ tends to T}, ¢(T;) tends to 1, such that the ordinary
spike appears at T; exactly at the parameter value at which the pseudospike would reach 7; (and vanishes). The
spiketime initially related to the pseudospike and then to the ordinary spike thus changes continuously. We assume
that all pseudospikes that will be needed in the considered parameter range are held inactive but available at T; 4 é.
This may be important to construct a smooth cost function, because output layer spikes that are desired but not yet
present as active pseudospikes can be included in it. (An alternative assumption compatible with our scheme is that
a new pseudospike emerges if the current one becomes an ordinary spike.)

Fig. S2b,c illustrates the smooth dependence of the spiketimes on the network parameters in presence of pseu-
dospikes. One can prove that it holds also at the transitions between inactive pseudospikes, active pseudospikes and
ordinary spikes using methods similar to those of Sec. II.
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Figure S2. Second type of pseudodynamics and pseudospikes. The figure shows the results of simulations in a basic two-layer
network with two hidden neurons and one output neuron. There is one input at the beginning of the trial, which inhibits hidden
neuron 2, and one input a bit later, which excites both hidden neurons by w. Hidden neuron 1 excites the output neuron,
hidden neuron 2 inhibits it. (a) Voltage traces of the output and the two hidden neurons for increasing w plotted in increasing
color intensity. The pseudodynamics with d = 2 take place within (71,71 +1/d] and (72,72 +1/d] in the hidden and the output
neurons, respectively. Solid, dashed and dashed-dotted vertical gray lines indicate T4, Th +1/d = T» and T> + 1/d, respectively.
(b) Spike times as a function of w (blue, orange: first, second spike time of the different neurons). For increasing w there are
transitions from an active pseudospike to an ordinary spike and simultaneously from an inactive to an active pseudospike, first
in hidden neuron 1 then in 2. The insets show closeups of the curves around the corresponding weight values (w = 2.47, 3.43,
solid gray vertical lines; spike time axis magnifications differ). The spiking of the hidden neurons and its temporal change
trigger similar transitions in the output neuron. Dotted and solid vertical lines indicate weight values of traces displayed in
(a). (c) like (b) for the gradient of the spike times with respect to w. The curves in (b,c) are continuous, because the spike
times are smooth in w. This holds in particular at the transitions between inactive and active pseudospikes and between active
pseudospikes and ordinary spikes.



8. Pseudospikes for QIF neurons with infinitesimally short coupling

For the pseudospikes of QIF neurons with infinitesimally short coupling (Sec. I A 4), we take a similar approach as
for the first type of pseudospikes of QIF neurons with extended coupling (Sec. IB 1). This ensures that the pseudospike
times are continuous. Specifically, we define the pseudodynamics to be

TmVPS(t) = Vos () (Vps(t) — 1) + Io, (S35)

where I has the same value as in Eq. (S14). In other words, the neurons continue to evolve as during the trial, but
without interactions.
Similar to Sec. IB 1, we assume that neurons interact at the trial end with each other in the same way as during
the trial but with scaled connection weights. Therefore, we set the initial condition for the pseudodynamics to
O(Vps (1))

Vos(T) = V(T) + wy— (S36)

where j indexes the presynaptic neurons and ®(V) as well as ¢g are defined as in Sec. T A 4. Hence, the time of the
kth spike, in case it is a pseudospike, is
tps = T+ (kj — ntrial)(b@ — HZ s P53 (7)) (CI)(V(T))7 (837)
ja 2Xe)
where ntyia1 i the number of ordinary spikes and H,,(¢) is defined as in Sec. TA 4. Similar to Egs. (S26) and (524),

Eq. (S36) implies that we can obtain the pseudospike times from the states V;(T') at the trial end and variables r;
that are computed like the states of a network of rate neurons,

sy ®(ViT) + 3wy 2
A o (S38)

o (%(T) +2; wﬂ”j)
= ¢@ = fi(;wjrj). (839)

C. Simulation details

We mostly use exact, event-based simulations [19], where one iterates over spikes using the closed-form solutions for
the evolution of the dynamical variables and upcoming spike times, see Secs. IA2, IA4 and T A 5. In each iteration,
at first the neuron that spikes next as well as the time of the next spike is determined. Second, the state of all neurons
is evolved until the next spike time. Third, the state of the neurons postsynaptic to the spiking neuron is updated
based on the synaptic mechanism. Finally, the state of the spiking neuron is reset. For numerical reasons, some minor
approximations are necessary if the absolute value of the membrane potential gets very large (see next paragraph). In
Figs. S2, S3, S4, S5 and S6, we use time step based simulations, employing a standard ordinary differential equation
solver between input and output spikes, with event detection to detect threshold crossings.

We simulate QIF neurons with extended coupling mostly in V-space. For the event-based simulations, we neglect
the effect of an incoming spike on the next spike time of a neuron, if the spike time is less than e away, where
e = 107 Further, we do not update V if it is greater than 1/e anymore and after spike generation at positive
infinity, we reset V' to —1/e. For numerical purposes these values are sufficiently close to £oo. In Fig. S6, we employ
time-step-based voltage and current simulations with a threshold of 10° and a reset of —10°. Figs. S2, S3, S4 and S5
use time-step-based phase and current simulations with threshold 1 and reset 0.

We simulate QIF neurons with infinitesimally short coupling in ¢-space using event-based simulations. We neglect
the effect of an incoming spike on ¢ and thus also the next spike time, if ¢ is very close to the threshold, ¢ > © — ¢,
or very close to the reset ¢ < e, where ¢ = 1076,

We simulate LIF neurons with extended coupling in V-space using event-based simulations. This is possible since
we set the synaptic time constant to half of the membrane time constant. In this case, a closed-form solution of the
threshold crossing time is available, see Sec. T A 5.

We use Python for all our simulations and analysis. For the event-based simulations and the automatic differen-
tiation, we use JAX [20]. For the time step-based simulations, we use NumPy [21] and SciPy [22]. Further, we use
PyTorch [23] for data loading, Optax [24] for optimization and Ray [25] for hyperparameter search. For plotting,
we use Matplotlib [26] with colorblind-friendly colors [27]. All simulations were run on a local workstation with
consumer-grade CPU (AMD Ryzen 1800X) and GPU (NVIDIA GeForce RTX 3090). Code to reproduce the main
results is publicly available [28].
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D. Spike time arc length

In some of our figures, we plot the evolution of spike times during learning as a function of the arc length of the
spike time trajectories. At trial n, this is the cumulative, absolute change of all learned spike times until n:

0, ifn=0,

L.(n) = n Ngar Ntar,i
=Y S A else,
I=11i=1 k;=1 )

(S40)

where [ indexes the trial, ¢ indexes the N, neurons whose spike times are learned, k; indexes the Ny, ; learned spike
times of neuron ¢ and and tfﬂ is the time of spike k; at trial [. In Figs. S7 and S8, we additionally smooth the spike
times with a rectangular kernel of length 11 trials before computing the spike time arc length to reduce the effect of
oscillations on L;(n).
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II. NON-DISRUPTIVE (DIS-)APPEARANCE OF SPIKES AND SMOOTH SPIKE TIMING IN QIF
NEURONS WITH EXTENDED COUPLING

The following section shows that in QIF neurons with temporally extended coupling the output spike times depend
smoothly on the input spike times and the input weights and that spikes can only (dis-)appear at the trial end. We
note that for clarity of the arguments, in this section we allow this trial end to be at temporal infinity. We conduct
the proof for arbitrary synaptic time constant; for simplicity, we assume that there is no constant input current. The
proof uses well-known facts from analysis and the theory of differential equations. We sketch it in the next subsection,
Sec. ITA. Thereafter we detail it in five subsections that build on each other: Sec. II B shows smooth dependence of
later states and spike times on the initial states. The initial state of the input current may be interpreted as the weight
strength of a single input that arrives at the initialization time. Sec. II C generalizes this result by separating time
into intervals in each of which one input arrives at the beginning. Sec. IID shows smooth dependence of later states
and spike times on the spike arrival times, which form the endpoints of the intervals. The two remaining subsections,
Sec. ITE and Sec. I1F, generalize the obtained results to neurons where the input spike times can change order with
each other and with output spike times.

A. Proof overview

For the proof it is helpful to transform V(¢) smoothly and bijectively to a phase variable ¢(¢) on a circle, i.e. we
transform the QIF neuron to a §-neuron [1-3, 9]. The momentary impact of the input current on the phase is then
phase-dependent. The point of spike generation is in the ¢-dynamics not special anymore, except for the fact that
the impact of the input current becomes zero there. This means that the threshold crossing itself happens purely due
to the intrinsic neuron dynamics and always with the same finite rate of change ¢.

We start by considering the case where there are no input spikes and the initial conditions are varied. This entails
the case of having a single input spike with varying weight (main text Fig. 1 left column). Assuming the neuron
does spike at least once, the implicit function theorem [29] (thm. 9.28) together with the finite rate of change of ¢
at threshold crossing then implies that also the output spike times vary smoothly. The important difference to the
LIF neuron is here the always positive rate of change of ¢ at threshold crossing, which hinders the (dis-)appearance
of spikes in the middle of a trial and that the gradient tends to infinity upon changing w.

Next, we consider the case of multiple input spikes with varying weights and times. If no spikes (two input or an
input and an output spike), change order, the neuron’s state prior to a given output spike but after the previous
spike depends smoothly on the input parameters due to the smooth neuron dynamics between spikes. The considered
output spike time then depends smoothly on this state because of the argument made above. More care has to be
taken if two spikes change order. However, the dependence of output spike times turns out to be nevertheless smooth.
For two interchanging input spikes this is ultimately because the order in which simultaneous inputs are processed
does not matter (as they simply add to the current I). If an input and an output spike change order (main text
Fig. 1 right column), it is because the impact of the input current on ¢ vanishes at the time of spike generation, as
mentioned above. This is an important difference to the LIF neuron and hinders the (dis-)appearance of spikes in the
middle of a trial.

B. Smooth dependence of the spike times on previous states

In this subsection we consider a scenario similar to main text Fig. 1 left column, i.e. a QIF neuron, Eq. (S1), with
an exponentially decaying input current,

rI(t) = —I(t), (S41)

for ¢ > 0. The input may just have arrived at ¢ = 0. The parameters are the initial states, V' (0) = V4, and 1(0) = w,
which shall be both finite. We show that the states and output spike times depend smoothly on the parameters and
that the output spikes appear for increasing input strength w at infinite time or at the end of the trial, T, if it is
earlier.

For this, we transform V to an angle variable ¢ using Eq. (S11). At the point of threshold crossing, ¢ = 1,
which is the same state as ¢ = 0. ¢’s temporal derivative at this point equals 1, independent of I and thus w. We
further restrict w to some compact interval [Wmin, Wmax] With Wmin < 0 < Wpax. The dynamics of ¢ and I are for
t > 0 given by the smooth system of differential equations Eqgs. (S12) and (S41), which is defined on the compact
o(t)
I

set S1 X [Wmin, Wmax]- The dynamics do not leave this set. The solutions ( () ) thus exist for all times and depend
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Figure S3.  Spike times of a QIF neuron with a single exponentially decaying input arriving at ¢ = 0. (a) The output
spike times tsp of the QIF neuron form continuous curves without kinks in (w,t)-space (blue, red, purple: first, second, third
output spike time), which start at T or at wmin and end at wmax (T = 10, i.e. ten times the membrane time constant,
Wmin = —8.5, Wmax = 60). They are the graphs of smooth functions tsp(w). (b) Derivative of the output spike times with

respect to w (blue, red, purple: derivative of first, second, third output spike time). aatsz is continuous. All derivative graphs
start at finite values of dtsp /0w, since the trial duration T is finite. Starting points with w > wmin correspond to points where
tsp(w) starts to fall below T. Near these points, the derivatives assume large negative values. (c¢) Example traces ¢(t) for
different values of w (from left to right: w = —5,16.3,16.7,57, highlighted by light gray vertical dotted lines in (a)) show first

one and then a second and third spike. Spikes appear at the end of the trial and then shift to earlier times with increasing w.

smoothly on ¢ and the initial conditions ¢(0) = ¢9 = ®(Vp) and I(0) = w, [30] (Secs. 8.5, 15.2), [31] (Sec. 1.2.3), [32]
(Sec. 5.35).

Interpreting ¢ for fixed ¢ as a function on (w,t)-space, we observe that the points (w,t) mapped to 1 specify the
spike times ¢ = tg, of the neuron for the input strengths w, Fig. S3a. Since {1} is a closed set and ¢ continuous, the
preimage of {1}, i.e. the set of points (w,t) mapped by ¢ to 1, is closed as well. From the previous paragraph, we
know that ¢ is even smooth in ¢t and w and that the partial derivative with respect to t is at spike times invertible,
since 0¢/0t|(x,t,,) = 1 # 0. The implicit function theorem [29] (thm. 9.28) thus ensures that the set of spike times in
(w, t)-space looks locally, around each of its points, like the graph of a smooth function ¢, (w). The set thus consists
of possibly multiple curves (for multiple spikes) in (w, t)-space, which are continuous, without “kinks” and with finite
slope dtgp/dw, except where tg, tends to infinity, Fig. S3a. The appearance of a spike corresponds to the start of such
a curve. This start cannot lie in the interior of (w,t)-space, because the closeness implies that the starting point is
part of the curve such that the implicit function theorem would guarantee continuation of the curve to both sides. The
curves must thus extend to the borders of (w,t)-space. Specifically for growing w they start at ¢ = oo or T or they
start at w = wnin, if ¢g is so large that the spike is generated already for this input weight. They end at w = wyax,
because the spike times decrease monotonically with w, as ¢ increases with increasing input. Spikes can for increasing
w therefore only appear at t = oo or t = T. We note that the above argument also excludes merger of spike times,
which would correspond to merger of curves. Further, an alike argument shows that ¢, depends smoothly on ¢g,w,
Fig. S3b. The closed sets mapped by ¢ to 1 are then planes in ¢q, w, t-space. The above arguments do not apply to
LIF neurons, since the temporal derivative of the voltage can become zero at spike times, see main text Fig. 1 left
column.
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C. Smooth dependence on input weights

The previous subsection showed that the membrane potential dynamics and the spike times of a QIF neuron with
an exponentially decaying input depend smoothly on the initial conditions ¢¢ and I(0). We now turn to the case of
multiple inputs and show smooth dependence of the output spike times ¢, on the synaptic input weights. If multiple
spikes arrive, the input current Eq. (S41) changes in a jump-like manner by w; at each arrival time ¢; of a spike from
neuron i,

rd(t) = —I(t)+ 7Y _wi Y ot —t;). (S42)

Note that for simplicity we use t; for a single input spike, for all input spikes from neuron i and for input spikes in
general. The jump-like change in I renders the value of I directly at ¢; undefined, such that we need to separately
consider the limits from below and above, I(t;) and I(¢;). Further, it leads to finite size jumps in the temporal
derivative of ¢, but the value of ¢ itself still changes continuously. The previous subsection tells us that within the
interval given by two subsequent spike times, ¢; and ¢;, the state and possible spike times depend smoothly on the

state in its beginning, (f((tti))). This state results smoothly from the state at the end of the previous interval and
the input weight, (f((;))) = (I (f,(;f:w). (ﬁ(:,))), in turn, depends smoothly on the state at the beginning of the

previous interval and so on. Thus, the state at any time ¢ depends smoothly on the initial conditions at the very

t;
1)
each w; are continuous. This holds irrespective of whether and when output spikes are generated, since the states
where this happens, i.e. where ¢(¢s,) = 1 holds, are not special for the neuron dynamics in ¢, I-space. A function is
continuously differentiable in all its variables exactly if all partial derivatives exist and are continuous [29] (thm. 9.21).
This implies that because (‘f) is a smooth function of each single w;, it is a smooth function of all w;. For an output
spike time ¢y, # ¢; for all j, Sec. II B shows that ts, depends smoothly on closely nearby, previous states with no spike
arrivals in between. The output spike time therefore also depends smoothly on all w;. (If an input spike time agrees
with an output spike time, ts, = ;, the state is discontinuous in time as there is a jump in the current. We will see
in Sec. ITF that this does not cause problems, because the impact of inputs on ¢ vanishes at spike times.)

beginning and on the individual input weights. This implies that the partial derivatives of ( ) with respect to

If a neuron receives at multiple times ¢; input from the same input neuron 4, the additive changes in I are the same,
w;, at these times. We have shown smooth dependence of ts, # t; for all j on the input weights of all input times,
as if they were distinct variables. If some of these distinct variables have the same values and change in the same
manner, tg, still changes smoothly, which ensures smooth dependence of the output on the actual w;.

D. Smooth dependence on input spike times

In our gradient descent scheme, also the input spike times to a neuron may change, for example because they are
the output spike times of other neurons in the network. In the following we show that the output spike times of
a neuron depend smoothly on the input spike times, if the order of (input and output) spike times stays the same.
B(ti)
1)

(f((tt+)))7 since it differs from (f((tt_))) only by a constant shift by w; in I. Also the following states (?((g), t >t

and thus (cf. Sec. IIB) the following output spike times ts, # t; then depend smoothly on t;. For a preceding state
(at a time ¢ < ¢;) and for preceding output spike times the smoothness property is trivially satisfied, since there is no
dependence on t;. (If ¢t happens to agree with ¢;, the state does not depend smoothly on ¢;, because of the jump-like
change in I.) Thus, as long as the output spike times satisfy tsp # t; and tsp # t; > t;, they depend smoothly on ¢;,
since there will always be states that depend smoothly on ¢; so closely before ts, that we can apply Sec. IIC. (We
note that since the times and states where an output spike is generated are not special for the neuron dynamics in
¢, I-space, the agreement of other spike times ¢; with other output spike times again does not change this.) Using
also the results of the previous subsection, we conclude that as long as the spike order is conserved (t; # t;, t; # tsp,

Since (‘f) depends smoothly on time between interval borders, ( ) depends smoothly on ¢;. The same holds for

tj # tsp), states (?g; ), t # t;, and thus also the output spike times are a smooth function of each single w; and ¢;
and thus of all of them.
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Figure S4. Change of output spike times when an input time changes. (a) The output spike times s, (blue, red: first, second
output spike time) are smooth functions of the input spike time ¢;. There are no jumps or kinks in the graphs, also if ¢; crosses
other input spike times t; (gray dashed vertical lines: ¢; = t;) or if it crosses output spike times (orange diagonal: tsp = ¢;,
gray circles: crossing points of actual output spike times with ¢;) or if the output spike times cross other input spike times ¢;
(gray dashed horizontal lines: ts, = ¢;, partially crossed by blue curve). (b) The derivative Jts,/0t; confirms the smoothness
of the function ¢, (¢;): It is continuous also at points where ¢; crosses other ¢; (gray dashed vertical lines) or where it agrees
with actual output spike times (gray vertical lines). Inset: magnification of the range where derivatives are small, highlighting
in particular the zero derivative when ¢; is larger than ¢s,. The curves start and end at w values where ts,(w) enters or exits
the trial. (¢) Example traces of ¢(¢) (upper panels) and I(¢) (lower panels) at different salient ¢; values (highlighted by light
gray dotted lines in (a); gray dashed vertical lines in (c): t;, orange vertical line: ¢;): at the crossing of ¢; and a t; (trace one:
t; = 1), closely before and after a fast change in the first spike time preceding an entering of the second spike time (traces two
and three: ¢; = 2.1,2.22) and close to the crossing of the second output spike time and ¢; (last trace: ¢t; = 6.92).

E. Changing input spike order

This subsection investigates whether we have smooth dependence of the output spike times on the input spike times
when the order of the input spike times changes. Since the times of input and output spikes (henceforth, in short:
events) form one-dimensional curves as a function of the training progress, interchanges of event order will generically
happen, cf. Figs. S4 and S5. At a single point in the process, however, generically only two events cross. Therefore it
suffices to only consider such cases here and in Sec. ITF. Specifically the current subsection shows that the state at a
test time t2, which is so close after a pair of spikes ¢; and t; that there is no further input time between them, depends
smoothly on ¢; even if ¢; just changes order with ¢;, i.e. at t; = t;. Together with the results of Sec. IIC (smooth
dependence of subsequent on current states), Sec. II B (smooth dependence of output spike times on sufficiently closely
preceding states), and Sec. IID (smooth dependence of the output spike times on t; for t; # ¢;), this shows that the

output spike times ts, depend smoothly on a single ¢;, if they do not change order with it, i.e. for all ¢; # ¢s,. From



15

[29] (thm. 9.2), we again conclude that the output spike times depend smoothly on all ¢;, as long as t; # tgp.
For our considerations, it is convenient to introduce some further notions and abbreviations. First, we will use the
flow [30-32] generated by the free differential equations Eqgs. (S12) and (S41). This maps the state at ¢, to the state

at tp, if there are no input spikes arriving in between. We denote the flow by T3, ¢, (f((fi; ), such that

(7)) = T=r (102)) - (343)

We know from Sec. II B that this flow is a smooth, vector-valued function of its time and state argument. While ¢ is
a continuous function of time, I is discontinuous at spike arrival times. Therefore, we regularly need to specify the
left or right hand side time limits in the time argument of I as indicated: if ¢, and t; are subsequent spike arrival
times, 1%, ¢, maps the state directly after ¢, to the state directly before ¢;,. We further introduce the abbreviation f
for the right hand side of the system of differential equations Eqgs. (S12) and (S41) to compactly write

(5)-1() su
As an immediate consequence of Eq. (S43) the time derivative of the flow is
b (1) - (22 i
We will further use the derivative of the flow with respect to its state argument, the differential
09(ty)  9d(tv)
Pl (705) = | orery orty) |- (516)
96(ta) OI(td)

Our aim is to show the smooth dependence of (?EZ;) on t; at t; = t;. For this we first show the continuity of

(?83) and then the continuity of % (?((E; ) as a function of ¢;, at ¢; = ¢;. We start by considering the dynamics

at t1 < min(¢;,¢;), which shall be so close to t;,t; that there are no further input times between them, similar to
ta > max(t;,t;). Three cases need to be distinguished: ¢; < t;, t; = t; and t; > t;. In the first case, the state at ¢,

may be written as
(?Efj))) h<t, =Ti,—t, {th—ti <Tt,;—t1 { (?83) ] + (i) > + <£j) }, (S47)
(7)) oy, = Tty {thtl [ (%) )} () } (348)
(?éfﬁ?)‘t% =T, s, {Tt i, (thtl { (?83)] +(w )) +(2) } (S49)

Here and in the following we employ also edged and curly brackets around function arguments to better distinguish

in the second as

and in the third as

them. To see the continuity of (%Z; ) as a function of ¢; at t; = t;, we show that (%Z; ) converge to the same state,
(?E?;) , when t; approaches ¢; from below or above,
2 ti=t;
; #(t2) _ B(t1) 0 0
. (7)) L,Ktj = Tt?‘”{TO (th—“ { (7 )} + (w)) +(w) } (550)
— T, {Tt tl[ ,(tl))] + (it ) } (S51)

_ (‘féfﬁ) (S52)

- :rtrz_tj_{:r0 (th_tl { (?gfig)} +( )) + () } (853)

(t2)
= Jim (%:2) (S54)

‘t =t;

ti>t;
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The first, third and fifth line uses Eq. (S47), Eq. (S48) and Eq. (S49), respectively. The second and fourth lines use
that the addition of weights commutes and that Ty is the identity. The continuity at ¢; = ¢; is thus a consequence of
the fact that the addition of inputs to the current is commutative.

We will proceed similarly to see the continuity of the partial derivative % (f((zg ) For this, we first compute the

partial derivative for ¢; < t; employing Eq. (S47), the chain rule and Eq. (S45),

ot (9], =P, () { - (60) + o (50) - (e (5) )} 9
= DTy, (105 { =1 (ieh )+ PT-e (1) 4 (765) } (856)
For t; > t;, we obtain from Eq. (S49)

D), = () - o () (20) =
o G ) e G () o
= DTimr, (7)) ( -1 (en) + (56 ) (859)

The second line uses the general relation
Ty(x) = %Ttw(l‘) L = % T; (Tr($)> L (S60)
= DTy(x) - T, (x) - DT,(x) - f(=). (S61)

It reflects that we obtain the same state change if we (i) evolve the system about an infinitesimal interval dt past ¢

(state change T}(z)dt) or if we (ii) evolve the initial state about dt (state change f(z)dt) and then evolve the change

about ¢ (via DTi(x), linear approximation suffices). We now compare the values of % (?83 ) when ¢; approaches t;

from below or above. Eq. (S56) yields

0 ([ 4(ta) _ é(t;) é(t;) é(t;) é(t;)
th/t, 87 ( tz))‘tiqj = DTty <I(t;)+wi+wj) = f (I(t;)+wi> + DTy (I(t;)+wi> f (I(t;)) (562)

= DTtrtj (I(t;;ﬁ-i(-t;3¢+wj) ’ { f (I(t (iiwl) +f (1((? ) }7 (863)

where the limit in /(¢;) is taken after the after the limit ¢;  t;, such that I(¢;) is the current at ¢; without both
inputs w; and w;. From Eq. (S59) we obtain

. 0 [ ota) 3(t5) b(t5) ()
Jim o () oy DTt (s e ) (= Crorvmsn ) 7 (i) ) (564)
i>lj
The right hand side of the system of differential equations Eqgs. (512) and (S41) is an affine map in I. It has the form
F(9) = fi(@) + f2(0)1, (S65)

1. 4 sin? (7
with vector valued functions f1(¢) = (COS(M’) (COS(”?*?SI“(“@) ) and fo(¢) = ( i L( 7 ) The limits in Eq. (S63)

Ts

and Eq. (S64) thus agree,

0 [et)) _ (t5) TS
oo (563) = DTat, (s Vo ny ) -~ (60 = 5 (563)- (866)

Together with the continuity of (‘bgtz; ) as a function of ¢; around ¢; (Eq. (S54), Sec. IID), this implies that the

partial derivative 8%1- (?g;;) exactly at ¢; = t; exists [33] (p. 286, Ex. 5) as well: it equals the limits Eq. (S66),

a J
o (B =0, (g 1, ) - { 0t . (567)

ti=t;
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Intuitively the employed theorem indicates that a continuous function that is not differentiable has some kink; it can

¢(t2)

I(tQ)) depends smoothly on ¢; also if

be proven using the mean value theorem [29] (thm. 5.10). We conclude that (
it crosses other input spike times.
Since we can choose to arbitrarily close to t;, all states (‘?Eg ), t # t; depend smoothly on each and thus on all ¢;,

even if the input spikes change order with each other. As a consequence, the spike times ¢, are a smooth function of
all t; # tep, even if these change order with each other, see Fig. S4. This is again because there are always states so
closely before ¢, that there are no further input spikes in between, because these states depend smoothly on the ¢;
and because ts, depends smoothly on them (Sec. IIB).

F. Changing input and output spike order

In this subsection, we address input and output spike times that change order. This can happen because the
input spikes change such that they cross output spikes and/or because the output spikes change (for example due to
changes in previous input weights). Considering such crossings is particularly important, since also in a QIF neuron
an inhibitory input usually leads to a downward jump in the voltage derivative and thus to a downward kink in the
voltage (main text Fig. 1 right column). This kink, however, vanishes when ¢; and ¢, cross, preventing disruptive
spike (dis-)appearances like in the LIF neuron.

We consider an output spike time ¢y, that tends to agree or agrees with an input spike time ¢;. We first show that t,
does not (dis-)appear in the middle of the trial and changes continuously and even smoothly as a function of previous
t; < t; and their weights w;. For t; > ¢; the property is obvious since there is no dependence on subsequent inputs,
which is a special case of smooth dependence. Thereafter we show that ¢, does not (dis-)appear in the middle of the
trial and changes continuously and even smoothly when ¢; changes. ts, cannot (dis-)appear and changes smoothly
with the weight w; associated with ¢; = tsp,, since changes in the input current I that take place at an output spike
time leave the momentary phase ¢(tsp) = 1 and thus ¢y, unaffected, Eq. (S12).

We first investigate whether ¢, = t; may disruptively (dis-)appear and whether it changes continuously when previ-
ous t; < t; change. For this we note that in contrast to Secs. Il C and IID, we cannot simply use the implicit function
theorem (via Sec. IIB) to determine the properties of t4,, because at input arrivals I(¢) changes discontinuously, such
that also ¢(t) is not continuously differentiable with respect to time. This change, however, affects ¢(¢) only after
t; (for t > t;). Therefore, if ¢; tends to a limiting value ;o such that ¢, tends to t; from below, ty, behaves like
an output spike in a system without input at ¢;. In particular, it depends smoothly on ¢; and assumes the limiting
value, ts, = t;, if t; assumes the limiting value, ¢t; = ¢, (Sec. IID). If ¢; tends to t;¢ such that ¢, tends to ¢; from
above, Sec. IIB tells that ¢(¢;) 1 and gb(t;") — 1, Eq. (S12). This implies that in the limit there is a threshold
crossing at t;, i.e. top = t; for t; = t;9. Therefore, output spikes tending to ¢; cannot vanish directly before reaching
this limit, but continuously assume it. May an output spike vanish after reaching t;, i.e. when ts, = t;7 To answer

this we first note that the states (fg)) ) with ¢ smaller or larger but sufficiently close (such that there are no further

spike arrivals in between) to t;, t < t; or t 2 t;, depend smoothly on ¢ (Sec. IIB). The same holds for the time
derivative ¢(t), because it is a smooth function of ¢(¢) and I(t), Eq. (S12). Further we know from Secs. II C and IID

that the states (?Eg) and thus gb(t) with ¢ ~ t; depend smoothly on previous ¢;. We again denote by t; 0 the value

of t; at which ts, = t;. For t; =t;0, ¢(¢;) =1 and (;S(tf) = 1: the impact of the input at ¢; vanishes and there is
no kink in the phase despite the discontinuity of I at ¢;. Due to the above mentioned smooth dependence on ¢ we
have ¢(t) ~ 1 > 0 for ¢ ~ t;. Due to the smooth dependence of ¢(t) on t;, it is positive also for t; ~ t,¢ and ¢(¢)
is then a strictly monotonously increasing function of ¢ for ¢ ~ ¢;. Therefore there is at most one threshold crossing.
Furthermore, the values of ¢(t) are close to their values for t; = t; o and ¢(t) is continuous as a function of ¢. This
guarantees a threshold crossing near t;. We conclude that if there is a threshold crossing at ¢; for t; = t; 0, also if
t; is unequal but sufficiently close to ¢; ¢ exactly one threshold crossing takes place, at a value ¢y, near ¢;. Because
t; — tj0 implies ¢(¢;) — 1 and ¢(th) — 1, we have ts, — t;, as already observed above. The spike time tg, therefore
does not disappear at ¢; and changes continuously with ¢;. We conclude that spikes cannot (dis-)appear at or in the
direct vicinity of an input spike ¢; due to continuous changes in previous input spike times. Furthermore output spike
times %, depend continuously on previous input spike times ¢; also if ts, agrees with an input spike time, ts, = ¢;.
We can see analogously that the same holds for the weights w; associated with ¢;.

To show the existence and continuity of the derivative dts,/0t; at t; 0, we compute the derivatives dts,/0t; for tg,
being close to but smaller or larger than ¢;, ts, S ¢; or tsp 2 t;. We will observe that they tend to the same limit if ¢;
tends to t; o such that s, tends to t; from below or above. This implies existence and continuity of dts,/0t; and the
limit yields the value of this derivative at ¢ [33] (p. 286, Ex. 5), cf. also Sec. IIE, Eq. (S67). If ts, < t; or tep 2 L,
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Otsp /0t can be computed using @(tsp) — 1 = 0 and the implicit function theorem,

% — 1 a¢(tsp) _ 78¢(tsp)

6tj o Q'S(tsp) (’)tj o 8tj ’

(S68)

where we have employed that always gf)(tsp) = 1. If we choose again a reference time ¢; that is sufficiently close before
t; and tsp,, we obtain for ts, S,

oltar) = [Twu ()], (S69)
0P (ts [ 26(t1)
o) [ (3)- (s )] g
o | )]
i ad)(tSp) = [ #(t1) %ﬁl)

[.]¢ means that we only take the first, ¢-component of the final vector-valued expression. The limit in the last line
occurs through t; tending appropriately to t;jo. If ts, 2 t;, we analogously have

P(tsp) = [TtSpfti (Ttﬁtl (?83) + (u?l ))Lﬁ, (S72)

at; Dltep—ts <I(t?>) DTy, (I(ti))' %ﬁ) s (S73)
i 20e) s
S o, = [P (560) (g )] (571

In the last line we used that DTy (?((tt_i))

Eq. (S71) and Eq. (S74) reflects the fact that the states directly before and after ¢; only differ by an addition of w;,
which moreover occurs to I, not to ¢, such that the derivatives of ¢(t;") and ¢(t]) with respect to ¢; are the same.
The agreement shows the smooth dependence of ¢, on ¢; at t; = t;, where ¢, = ;. An analogous consideration
shows the existence and continuity of the derivative Ots,/0w; at wjo. We conclude that tg, depends smoothly on
earlier weights and spike times, also if it agrees with an input spike time.

We now study the only remaining case, the dependence of ¢, on t; at ts, =t;. We first assume that for ¢; tending
to t; 0 from below, there is a spike ts, tending to t; 9. We ask if the spike will reach t; o or whether it may disappear.
This spike must occur after t;, otherwise it cannot depend on ¢; and converge to ¢; o > ¢;. This implies that ¢(¢;) < 1,
because the threshold crossing with ¢(ts,) = 1 is a bit later than ¢;, and ¢(¢;) * 1. Again because the input at ¢;
affects the dynamics only after ¢;, also in a modified system where this input is removed we have ¢(t;) /1 when
t; / tio. In the modified system the phase dynamics are a smooth function of ¢ around ¢; o. Thus, in the limit
t; = ti,0 we have ¢(t;) = 1 such that ¢; ¢ is a spike time of the modified system. If the input spike only arrives at ¢, o,
the original and the modified systems’ phases agree up to and including ¢; 9. Therefore, also in the original system,
we have ¢(t;) = 1 for t; = t; 0. This implies that if ¢, tends to ¢; o with ¢; 7 ¢; 0, tsp also reaches the limit, ts, = t; o,
for t; = t; 0. Now we consider the case that ¢; tends to ¢; o from above and ¢y, tends to ¢; 9. Since t; > t; o cannot
influence ¢(t;,0), we must have ¢(¢;0) = 1, so tg, = t;0 for all the ¢; tending to ¢;¢. Since also an input at ¢; does
not change ¢(t;), for t; = t; o we have ¢(t;0) = 1 as well. ¢y, therefore cannot suddenly disappear in the vicinity of
t;,0 due to t; tending to and finally reaching ¢; 9. Can a spike suddenly (dis-)appear at ts, = t; 0 when t; = ;07 If
tsp = ti(= ti0), the value of ¢(¢;0) in the presence and in the absence of input at ¢; are equal, again because the
input w; has no immediate impact on ¢. (Moreover, the impact of any input vanishes at ¢(ts,) = 1.) Therefore ¢; o
is a spike time if the input at ¢; is removed and for ¢; > ¢; 0. In the latter case, ¢, is constant as a function of ¢;, in
particular it does not vanish and depends smoothly on ¢;. We thus consider ¢; < ¢; 0 in the following. In the absence
of an input at ¢;, the states sufficiently closely before t; ¢ are a smooth function of ¢. Further, since there is a threshold
crossing at t; ¢, which implies a phase slope of é(tw) = 1, we have a phase that is slightly smaller than the threshold,
o(t) S 1, for t S t;0. As a consequence, also in the system with input at ¢; we have for t; ¢, o that ¢(¢;) 71
and gb(t; ) — 1, Eq. (S12). Further, because the impact of an input goes to zero when approaching the threshold, we
have (b(tj) — 1. The smoothness of the ¢, [-dynamics behind ¢; and the convergence to a nonzero qi)(t;r) implies that
the ¢-dynamics will reach 1 if the initial condition ¢(t;) is close enough to 1. This shows that for ¢; sufficiently close
to t;,0 there will be a spike time ts, ~ t; 0. Therefore spikes cannot appear at t; = t; 9. Furthermore, the threshold

) is the identity matrix. The agreement of the partial derivatives’ limits
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Figure S5. Change of output spike times when the strength of one of multiple inputs changes. (a) The output spike times s
(blue, red: first, second output spike time) are smooth functions of the input strength w; arriving at ¢; (orange horizontal line:
tsp = t;). There are no jumps or kinks in the graphs, also when tsp crosses input spike times (gray dashed horizontal lines:
tsp = tj, partially crossed by blue curve). (b) The derivative dtsp/0w; confirms this smoothness. It is continuous also at values
of w; where the output spike times cross input spike times (gray vertical lines; inset: magnification of the region around the
crossing with smallest w;). (c) Example traces of ¢(¢) at w; values around the fast change and the first crossing of the first ¢sp
with a t; (w; = —3.2,—3.041, —2.957, —2.7, highlighted by light gray dotted lines in (a); gray dashed vertical lines: ¢;, orange
vertical line: ;).

crossing will be arbitrarily closely after ¢; for ¢(¢;) tending to 1. Therefore, the spike time tg, converges to ¢; and thus
to t;0. We conclude that spikes cannot (dis-)appear at ts, = t; = t; 0 and ¢, is a continuous function of ¢; at ts, = ;.

Also the partial derivative %t;? is continuous at ¢; = t; o, where t5, = ¢;: We need to show that limg, ~, , %t% =0,
dtep

o2 =0 due to tsp’s independence of ¢; for t; > t; ¢ (where we have t;, = t;0, see the previous
paragraph). We again choose a reference time ¢; so close before ¢; < ;¢ that there are no further inputs in between
and t¢; so close to ;¢ that there is no spike arrival between t; and the spike time ¢, ~ ¢; 9. Based on ¢(tsp) —1 =0

the implicit function theorem yields the derivative

since limy,\ ¢

gy o (575)
N ‘a% [T (T [(?33 )] () ﬂ , (S76)
[ () P () (1 (), m
=1 [PTi 0 (15)) -1 (f(%)h (S78)

where we used in the last line that the ¢-component of f is 1 at a spike time, Eq. (S12). For ¢; /¢, 0, also ¢y, tends

to 5,0, such that DTy, ¢, ( (1) é(t:)

1 t_+)> becomes the identity matrix and the ¢-component of f ( 1)

) tends to its value



at a spike time, 1, since ¢; tends to a spike time of the dynamics. It follows that

Oty

lim =1-1=0.
ti tio Gti

This shows that ts, is a smooth function of ¢; also if ¢; crosses tp.

20

(S79)
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III. PSEUDOSPIKE TIME SMOOTHNESS AND CONTINUITY FOR QIF NEURONS WITH
EXTENDED COUPLING

A. First type of pseudospikes

In this section, we prove that the pseudospike times for QIF neurons with extended coupling of the first type
(Sec. IB1), including their transitions to ordinary spike times, are continuous and mostly smooth in the network
parameters (weights and input spike times). This is condition (i) of main text Sec. III.

We first note that a pseudospike time ¢ is smooth in case no network spike crosses the trial end. In this case, the
network state at the trial end, i.e. potentials and currents at 7', vary smoothly (Sec. II). Since ¢ps depends on the final
network state via smooth functions (Sec. IB 1), it also varies smoothly. Thus, we only need to consider cases where
a network spike crosses the trial end. As before, we only consider cases where only one spike crosses the trial end at
a time.

1.  The spike crosses the trial end

We first show that the spike time changes smoothly with the network parameters, if a pseudospike becomes an
ordinary spike or vice versa. Specifically, we consider the case where the kth spike crosses the trial end due to a small,
continuous change of a network parameter. This means that at a critical value of this parameter, an ordinary spike
(dis-)appears. If the parameter approaches the critical value from one side, the kth ordinary spike shifts towards the
trial end, ts, * T. This implies V(T') — —o0, since also the voltage reset following tg, shifts towards the trial end
from below. When approaching the critical parameter value from the other side, the spike and thus the voltage reset
does not happen within the trial, but we have V(T) — oo, since the neuron comes closer to emitting its kth spike
within the trial. In this case, the time of the kth spike, which is a pseudospike, is given by Eq. (S25) with ngi. = k—1,

tsp = T+ (15@’1105 — O (V(T)) (880)

ps

Because of lim ®; (V(T)) = ¢e,1,., lim tg =T. Thus, the pseudospike (dis-)appears at the trial end, where
V(T)—o0 V(T)—o0

also the new ordinary spike (dis-)appears. This shows the continuity of the time of the kth spike in case it transitions
from being an ordinary spike to being a pseudospike and vice versa.

To show that also the gradient is continuous, we consider a region in parameter space around the critical value for
which, if the kth spike is a pseudospike, V(T') is so large that the neuron would emit its kth spike if the trial would
not end. We denote the time of this hypothetical ordinary spike by t..q, independent of the spike being before or
after T. As established in Sec. II, t,,q depends smoothly on the parameters. In particular, the value of its gradient
at the transition is equal to its limit taken from either direction. It can be computed using Eqgs. (S3), (S9) and (S10)
with Vo = V(T) in case torq 2, T. The derivatives of to;q with respect to V(T') and the input current at the trial end
as well as the derivatives of t,s with respect to V(T') and Ips go to 0 when V(T') — co. The derivative of V(T) with
respect to the varied parameter simultaneously diverges, however. Since the derivatives of t,;q and t,s with respect
to V(T) agree in leading order,

ps _ 0®p, (y(V(T)) -1 o1 (s81)
ov(T) ov(T)  g(Ips) + (V(T) = 1/2)% v(D)seo  V(T)?’
Olora 1 (S82)

BV(T) v(T)moo V(T2

also the gradients of ¢o.q and t,s asymptotically agree. Hence, the spike time gradient is continuous if the spike time
crosses the trial end.

2. A previous spike crosses the trial end

We now show that the spike time of a pseudospike changes smoothly with the network parameters, if a previous
output spike of the same neuron crosses the trial end. Specifically, we consider the case where not the kth spike
crosses the trial end but the Ith spike, where | < k. When approaching the transition from the side where the Ith
spike is an ordinary spike, n. = I and V(T) — —oo. When approaching it from the other side, ngia =1 — 1 and
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V(T) — oo. In the former case, we have

tps =T+ (k - l)¢@,lps - (I)I

ps

V()  — T+ (k-Doe.r,., (S83)

V(T)——o0

because lim @7 (V(T)) = 0. In the latter case, we have
V(T)——o0

b =T+ (b = (1= D)o~ B, (V(T)) | o T+ (k= Do, (384)

because (li)m @7, (V(T)) = de.1,,. Thus, t, is continuous.
T)—o00

Since, in both cases,

atps _ - ag(Ips)
o, — (k l)2g(3/2) () 0L, (S85)
and
atps o 6¢)1ps(V(T)) 1
V(T - oV~ V(T? (S86)

in leading order, also the gradient of ¢, is continuous.

3. An input spike crosses the trial end

Finally we show that the spike time of a pseudospike changes continuously with the network parameters, if a spike
of another neuron in the network crosses the trial end. Specifically, we first assume that we move along a curve in
parameter space that crosses a critical value where an input spike kj, of neuron jy crosses the trial end. Since V(T')
changes continuously during the transition, we focus on I,s. When approaching the transition from the side where
the kj, th spike of neuron jo is an ordinary spike, I(7") — I, (T) +wj;,, where I, (T') is the value of the input current
at the trial end without the effect of spike k;,. Furthermore Eq. (S27) implies r;, — 0, because Vj, \, —oco. Thus, we
have

s = I(T) + Y wyrj — L (T) +wjy + Y w;r;. (S87)
J J#jo
When approaching the transition from the other side, I(T) — I, (T) and rj, — 1. Thus, we have
Ips = I(T) + Zw]‘Tj — IJGTG(T) + Z w;r; + Wy, - (888)
J J#jo

Since both limits agree, ¢, is continuous at the transition. The continuity in case neuron jj is not directly presynaptic
to neuron 7 is then also guaranteed, since pseudospike times depend continuously on presynaptic pseudospike times.
The gradient of ¢, is, however, not continuous in case an input spike crosses the trial end.
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IV. GRADIENT STATISTICS OF QIF NEURONS WITH EXTENDED COUPLING

In the following we numerically estimate magnitudes of the gradients that occur in QIF neurons with extended
coupling. The neurons receive a high-frequency Poisson input spike train with normally distributed input weights.
Inhibitory and excitatory spike inputs balance each other, such that the average input is zero. After a period of
equilibration, a test input is provided. We compute the gradient with respect to the test input strength for different
realizations of the input spike train and at different test input strengths. To cover the influence of temporal distance
the obtained gradients are sorted according to the timing of the spike and presented in different histograms in Fig. S6.
Specifically, we bin time beyond the input into five bins of duration 2 (two times the membrane time constant). The
gradient of the time of a spike falling in bin number n then contributes to the nth histogram (roman numerals in
Fig. S6). The mth bar in this histogram shows the empirical probability that in a single trial (with a randomly chosen
test input weight and set of Poisson inputs) a spike time occurs in the nth time bin after the input and that it has a
gradient that falls into the mth gradient size bin. The sum over these probabilities is the expected number of spikes
per trial.

We observe that gradients of temporally close and of most distant spike times are often smaller than those of
spikes with intermediate distance (compare histograms I,V with ILII[,IV). This is because inputs usually have little
impact on very close and very distant states. However, if a new spike (dis-)appears due to changes in the test input
weight, this happens at the trial end, i.e. with maximal temporal distance. These spikes have high sensitivity to the
test weight as in the case without further inputs, cf. the larger negative gradient around wp;, in main text Fig. 1
left, which extends further for longer trial duration. Therefore the largest negative gradients occur in large temporal
distance, Fig. S6a IV and V. We find that both lower input variance and the addition of an oscillatory drive reduce
the occurring gradients, Fig. S6b. We finally note that for the standard exponential integrate-and-fire neuron with
its steep upstroke towards spiking, we observe excessively large gradients already in very short trials.
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Figure S6. Spike time gradients of QIF neurons with extended coupling. (a) shows results for our standard and (b) for an
intrinsically oscillating QIF neuron, which moreover has lower input variance. We compute the gradients with respect to a test
input weight and sample them according to the temporal distance of their underlying spike time to the test input (histograms

V).
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Figure S7. Further results on the learning of precise spikes in an RNN. (Same simulation as shown in main text Fig. 3.) (a)
Loss dynamics during learning. (b) Comparison of target spike times (gray), spike times after learning (saturated colors) and
spike times after learning if the weights of recurrent connections not targeting the first two neurons are set to 0 after learning
(pale colors). The partially large deviations of the latter spike times from the targets illustrate that learning utilizes recurrent
connections not involving the target neurons. (c) (Reproduced from main text Fig. 3b.) Left: Spikes of network neurons before
learning. Spikes of the first two neurons are colored, their target times are displayed in gray. Right: Learning changes the
network dynamics such that the first two neurons spike precisely at the desired values (the colored spikes mostly cover the gray
ones). (d) Left: (Reproduced from main text Fig. 3c.) Evolution of the spike times of the first neuron during learning. The
times of the spikes that are supposed to lie within the trial (blue traces) shift towards their target values (gray circles). The
next spike (black trace) is supposed to lie outside the trial. It occurs transiently within the trial but becomes a pseudospike
towards the end of learning again, as required. Gray area indicates pseudospikes. Right: Same as left but for the second neuron.
(e) Same as (d) but the spike times are shown as a function of the arc length of the smoothed spike time trajectory. The spike
times of the first neuron change continuously. The spike times of the second neuron exhibit jumps at which the times of later
spikes shift to the times of earlier spikes at the previous trial. This is because of highly localized large gradients and can be
avoided by using variable learning rates (see Fig. S8). Furthermore, the spike times exhibit oscillations after the initial large
shifts.
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Figure S8. Same as Fig. S7 but using an alternative optimization method, which restricts the maximal step size (see Tab. S6).
It results in continuous spike time changes (d,e), which reflects that the occurring gradients are large but finite.
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Figure S9. Necessity of pseudodynamics for the learning of the MNIST task. The panels show different learning variants.
Each panel is structured like main text Fig. 4. The spike trains and voltage traces are evoked by the same stimulus, which is
displayed as inset in (a). (a) (Reproduced from main text Fig. 4.) Learning including pseudodynamics. (b) Learning excluding
pseudodynamics. No new spikes can be added, hence learning is unsuccessful. (c¢) Learning excluding pseudodynamics but with
an extended trial duration. Due to the extended trial and the oscillatory neuron model, all neurons already spike before learning,
enabling successful learning. (d) Learning excluding pseudodynamics after pretraining. During pretraining, pseudodynamics
are used to shift output neuron spikes inside the trial using an appropriate loss (see Tab. S7). This loss is agnostic to the final
task. After pretraining, the network neurons spike sufficiently often (leftmost panel) to enable successful learning. To compute
the loss in panels (b-d), spike times of output neurons that do not spike within the trial are set to the trial duration 7.
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VI. SUPPLEMENTARY TABLES

Table S1. Analysis of network behavior for the MNIST-task
on the test set. Only spikes that lie within the trial and
are relevant for the classification, i.e. that happen before
the first output spike, are considered. Specifically, for the
computation of the accuracy, only ordinary output spikes
are considered valid. For the loss, the spike times of output
neurons that do not spike within the trial are set to T'; this
leads to a large loss also after training. A hidden neuron
is considered silent if it does not spike before the first out-
put spike (or, if there is no ordinary output spike, within
the trial) for any input image. Similarly, the activity is the
number of ordinary, hidden layer spikes before the first out-
put spike (or, if there is no ordinary output spike, within
the trial) per hidden neuron. Values represent mean =+ std
over ten network instances, clipped to lie within the possible
ranges, where necessary. The standard deviation is zero for
the accuracy and the loss before learning because there are
no output spikes at all.

After learning

(97.3+0.3) %

Before learning

Accuracy 9.8%
Loss 2.320 1.686 = 0.007
Silent neurons  (99.875-2)% (0.175$H%
Activity (1*2)x 107° (31.6 £ 0.1) x 1072

Table S2. Same as Tab. S1 but including the use of pseu-
dospikes for classification and considering not only spikes
before the first output spike but all ordinary spikes for the
computation of the fraction of silent neurons and the activ-

ity.

Before learning  After learning

Accuracy  (10.4+£0.7) % (97.6 £0.2) %
Loss 2.345 £ 0.004 0.139 £ 0.012
Silent neurons  (99.875-%)% 0%
Activity (172) x 107%  (41.6 £1.2) x 1072
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VII. SUPPLEMENTARY DISCUSSION

Our method and networks, in particular the one we use for the MNIST task, possess notable connections and
parallels to standard and recent machine learning techniques. Probably the most direct connection is the fact that
the working mode of our networks during the pseudodynamics of the first type corresponds to the functioning of
a standard rate neural network. This means that during the pseudodynamics neurons interact via weighted sums
of rate-like quantities, as shown in Secs. IB1 and IB3. A similar mapping can, however, not be obtained for the
ordinary dynamics, even if there is at most one spike per neuron. This is because an ordinary spike time does not
depend on the (possibly nonlinearly transformed) ordinary presynaptic spike times via their linear superposition, due
to the nonlinear single neuron dynamics. Thus, besides viewing our networks as fully spiking, one can also interpret
them as a hybrid network, working in a spiking mode during the ordinary dynamics and in a rate mode during the
pseudodynamics. We note that there are mappings between networks of ReLLUs and networks of carefully constructed
non-leaky integrate-and-fire neurons that have step-like synaptic input currents and spike only once [34, 35].

An important feature of our networks is that after learning, at inference time, it suffices to keep the ordinary dynam-
ics only to achieve the tasks. In the setup that we use for the MNIST task, neurons typically only generate ordinary
spikes in response to a subset of input images. Such sparsity is also important in machine learning contexts [36]. It is
a form of ephemeral (per example) sparsity, analogous to the sparsity induced by the ReLU activation function, which
outputs zero for any negative (subthreshold) input, such that only an input-dependent subset of neurons is active
for each input. During learning of the MNIST task, the interactions between pseudospikes imply that all neuron
weights and activities affect the higher layer dynamics. This bears a similarity to using an activation function that
does not clamp input ranges to zero, such as leaky ReLU or a related smooth function, in a non-spiking network
during learning. The removal of the pseudodynamics after learning then resembles the replacement of this activation
function by a ReLU function. This has been studied in [37] in the context of large language models: Like in our
networks the replacement sparsifies the network activity. It, however, also requires brief additional training. This is
not the case in our networks, since pseudospikes do not affect ordinary ones and the ordinary spikes alone solve the
task after training.

Pseudospikes allow the gradient to see behind the trial end. This bears some similarity to the property of a surrogate
gradient to see under the threshold [38]. In particular, both approaches can foresee whether spikes are about to appear
for certain weight changes. However, in contrast to surrogate gradient descent, where the nonlinearities change, in
our approach the computation of the dynamics (forward path) and the computation of the gradient (backward path)
use the same dynamical equations. Further the contributions of the gradients of the ordinary spike times to the total
gradient are not affected by the presence of pseudospikes.

A possible future research direction is the implementation of our approach on neuromorphic hardware. For this,
it may be useful that with appropriately initialized network and trial parameters or after appropriate pretraining
using pseudodynamics, training networks without pseudodynamics can be possible (Fig. S9). If they are required, the
pseudodynamics need special consideration depending on the learning scenario [39]. This holds in particular for the
pseudodynamics of the first type. They need at one point in time, namely at the ordinary trial end, the transmission of
nonlinearly transformed subthreshold potentials between all connected neurons and the nonlinear computation of the
strength of the constant input currents. In the case of on-chip learning, this may necessitate reading out the network
state at T' and newly setting up the network with the appropriate currents and no interactions. The implementation
of the second type of pseudodynamics may be easier: these dynamics first continue according to the same rules as the
ordinary ones and at some fixed time point switch to different, fixed dynamics. In the case of off-chip learning, i.e.
learning on conventional hardware and subsequent deployment of the learned network on neuromorphic hardware, the
pseudodynamics do not cause a problem as they are not used after learning. If additional finetuning is required after
deployment, adding spikes and thus pseudodynamics need not be necessary. In the case of chip-in-the-loop learning,
i.e. neuromorphic hardware is used for the forward run and conventional hardware for the weight update computation,
the pseudodynamics could be computed on the conventional hardware as well.
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VIII. MODEL AND TASK DETAILS

This section provides further details on the figures presented in our article. The formatting mostly follows ref. [40].
If not noted otherwise, the initial conditions are V(0) = 0 (or the corresponding phase) and 1(0) = 0.

Table S3. Description of the QIF neuron model of main text Fig. 1.

A Model summary

Population A single neuron

Neuron QIF

Synapse Extended coupling (exponentially decaying input current)

Input One or two input spikes

133 Neuron and synapse model

Name QIF neuron with extended coupling

Neuron dynamics V)=V (V) —1) + 1) (Subthreshold dynamics)
Vo = o0 (Threshold)
Vieset = —00 (Reset)

Synaptic dynamics Tl (t) = —1(t) + Twd(t — to) (One input)
TI(t) = —I(t) + Tewed(t — te) + Tewid(t — t;) (Two inputs)

C Input

Type Description

One input A single excitatory input with varying weight w

Two inputs An excitatory input and an inhibitory input with varying time ¢;

D Parameters

Parameter Value Description

T 4 Trial length

Ts 1/2 Synaptic time constant

Wmin 2.47 Minimal weight necessary to elicit a spike at infinity

te 0.5 Time of excitatory input in both input cases

We 1.5Wmin Weight of excitatory input in case of two inputs

w; —Wmin Weight of inhibitory input in case of two inputs



Table S4. Description of the LIF neuron model of main text Fig. 1.

A Model summary

Population A single neuron

Neuron LIF

Synapse Extended coupling (exponentially decaying input current)

Input One or two input spikes

B Neuron and synapse model

Name LIF neuron with extended coupling

Neuron dynamics V(t) = -V(t) + I(t) (Subthreshold dynamics)
Vo =1 (Threshold)
Vieeset = 0 (Reset)

Synaptic dynamics Tl (t) = —I(t) + Tewd(t — to) (One input)
Tl (t) = —I(t) + Tswed (t — to) + Tswid(t — ;) (Two inputs)

Type Description

One input A single excitatory input with varying weight w

Two inputs An excitatory input and an inhibitory input with varying time t;
1 Parameters

Parameter Value Description

T 3 Trial length

Ts 1 / 2 Synaptic time constant

Wmin 4 Minimal weight necessary to elicit a spike

te 0.5 Time of excitatory input in both input cases

We 1.4Wmin Weight of excitatory input in case of two inputs

Wi —Wmin Weight of inhibitory input in case of two inputs
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Table S5. Description of the QIF neuron model of main text Fig. 2.

‘

Model summary

Population A single neuron

Neuron QIF

Synapse Extended coupling (exponentially decaying input current)
Input Combination of fixed, random as well as learnable input spikes
Learning Gradient descent on first two spike times

‘

Neuron and synapse model

Name QIF neuron with extended coupling

Neuron dynamics V() =V(@)(V(t)—1)+ I(t) (Subthreshold dynamics)
Vo =0 (Threshold)
Vieset = —00 (Reset)

Synaptic dynamics T I(t) = —I(t) + 7 i.: wi*§(t — t5%) + 7 3 WA (¢t — e

Jj=1 Jj=1

Pseudodynamics After the trial end, neurons evolve as described in Sec. IB 1

Fixed inputs Twenty input spikes, times t?x randomly drawn from uniform distribution,
weights w?x randomly drawn from normal distribution with mean 0 and
variance 1

Learnable inputs Two input spikes, times t;-eam are initially 1 and 9, weights w;-ear" are initially
0

Loss description Mean squared error loss

Loss function L(p) =13 22: (te(p) — tfj”)Q (tx(p) denotes the kth output spike)

Learnable parameters p Times t;-e“m and weights w;-e““‘ of the learnable input spikes

Optimization method Gradient descent with element-wise gradient clipping at 2.2 x 1072

Parameter Value Description

T 10 Trial length

Ts 1/2 Synaptic time constant

n 0.1 Learning rate

R {2.5,7.5} Target spike times

Nirial 3000 Number of trials
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Table S6. Description of the RNN of main text Fig. 3.

Model summary

‘

Population One population

Connectivity All-to-all

Neuron QIF

Synapse Extended coupling (exponentially decaying input current)
Input Excitatory and inhibitory Poisson spike trains

Learning Gradient descent on spike times of two network neurons

Population

‘

One population of N QIF neurons.

‘

Connectivity

All-to-all recurrent connectivity, weights from neuron j to neuron ¢ denoted with w;;, weights initially set to 0

D Neuron and synapse model
Name QIF neuron with extended coupling
Neuron dynamics Vi(t) = Vi(t)(Vi(t) — 1) + L;(t) (Subthreshold dynamics of neuron i)
Vo =00 (Threshold)
Vieset = —00 (Reset)
. ) ) N
Synaptic dynamics Tsli(t) = —Li(t) + Towe Se,s (t) + swi™Sis(t) + 75 D5 wiz 2 6(t —ty;)
j=Li#i  k;
(t;: kth spike time of neuron j)
Pseudodynamics After the trial end, neurons evolve as described in Sec. IB 1

‘

Input

Each neuron independently receives one excitatory Poisson spike train Se:(t) = >, 6(t —tx) with fixed weight we"
and one inhibitory Poisson spike train Si;(t) = >, 6(t — t&) with fixed weight w!®. Both have the same rate 7.

Loss description Weighted mean squared error loss
Loss function Niar Ntar,i 2

IS () -G tar

L(p) = N Z Z <tt“+2 (1 = Ok Npar i H (N, _tki(p))>
Yar 1 k=1 kq
(H is the Heaviside step function)

Learnable parameters p Initial states V;(0), 1;(0) and recurrent weights w;;
Target times For Niar out of the N network neurons, target times t}fir are drawn from a

Poisson process with rate 7{*" and absolute refractoriness 1. In addition to

these Niar,i — 1 target spikes, a further target time tﬁf,*fm_ ;= 1.17T is used to
avoid having more spikes than wanted within the trial.
Optimization method AdaBelief [41] with exponential learning rate decay

Alternative optimization method AdaBelief [41], but with variable learning rate. In every step, the weight
update is computed for a set of learning rates. Of all weight updates with
a resulting maximal spike time change of less than 0.5, the one resulting in
the smallest error is selected.
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Table S6. (continued)

(@ Parameters

Parameter Value Description

T 10 Trial length

N 10 Number of neurons

Ts 1/2 Synaptic time constant

wi? 5 Excitatory input weight

wi® —We Inhibitory input weight

Tin 1 Input rate

riar 1 Rate of the Poisson process used to generate target times for the first target
neuron

rET 1/2 Rate of the Poisson process used to generate target times for the second
target neuron

Niar 2 Number of neurons whose spike times are learned

n 0.01 Learning rate

T 2 x 10° Time scale of exponential learning rate decay (not used for the alternative
optimization method)

1075-102 Range of the 50 possible learning rates, evenly distributed in log-space, that

are used in the alternative optimization method

51 0.9 Exponential decay rate used to track first moment of gradient in AdaBelief

B2 0.999 Exponential decay rate used to track second moment of gradient in AdaBelief

0.99 B2 in the case of the alternative optimization method
Nirial 10000 Number of trials

20000 Nirial in the case of the alternative optimization method



Table S7. Description of the multi-layer network of main text Fig. 4 and Fig. S9.

Model summary

‘

Population Three: two hidden layers, one output layer

Connectivity Feedforward connectivity only

Neuron Oscillatory QIF

Synapse Infinitesimally short coupling (delta-pulse coupling)

Input Binarized MNIST images encoded with single spike per pixel

Learning Gradient descent learning of time-to-first spike encoded image label

Input layer One input layer consisting of N® neurons with fixed spike times

Hidden layers Two hidden layers consisting of Ny = N® = N® peurons each

Output layer One output layer consisting of N® = Ni.. = 10 neurons, one for each label

‘

Connectivity
Full feedforward connectivity between subsequent layers, no recurrent connections, weight from neuron j in layer
[ — 1 to neuron ¢ in layer [ denoted with wgé), weights initially randomly drawn from uniform distribution
Neuron and synapse model

‘

Name Oscillatory QIF neuron with delta-pulse coupling
Neuron dynamics VI () = VO @) (v (1) — 1) + I19(1)
(Subthreshold dynamics of neuron 4 in layer 1)
Vo = o0 (Threshold)
Vieset = —00 (Reset)
N=1)
Synaptic dynamics Ii(l)(t) =lo+Tm Y, wz(i) > 0(t —tk;)  (tk;: kth spike time of neuron j)
j=1 k;
Neuron dynamics (angle space) gzégl)(t) =1 (Between spikes)
$o = Tmm/y/lo — % (Threshold)
Preset = 0 (Reset)

Synaptic dynamics (angle space) ¢§”(t;) =H (qﬁgl)(t;j)) = <I>(<I>_1(<z>£l)(t,;)) + wg))
: i : :
(tr, denotes the kth spike of neuron j)
Pseudodynamics After the trial end, neurons evolve as described in Sec. IB 3

‘

Input

Pixel values are binarized, input neurons corresponding to active pixels spike once at 0.02, others do not spike at
all
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Table S7. (continued)

Loss description Cross-entropy loss on first spike times of the output neurons, regularization
term to encourage early spiking [42]

Loss function (single input)

Ntar Niar
L(p) = > vrari 108(u:(p) +7 D rars (exp(t® ()/T) ~ 1)
=1 =1
(3)
exp(—t;” (p
yi(p) = (—((3))) (softmax)
>-;exp(—t;7 (p))
Ytar,i = 0, (label+1) (one-hot encoded target label)
Loss function (pretraining in N
Fig. S9(d)) 1 X2 (,0 2 (®
L(p) = (1 =1) 1 (1 - 1)
(n) = - ; ; :
(H is the Heaviside step function)
Learnable parameters p Initial states Vi(l)(O) and feedforward weights wE?
Mini batches Batches of size Npatch are used, loss is averaged over batch
Optimization method AdaBelief [41] with exponential learning rate decay
Input regularization To avoid overfitting, the state of each binarized pixel is flipped with proba-

bility paip during learning
Hyperparameter search and eval- Training data set: 55000 images, validation data set: 5000 images, test data
uation set: 10000, hyperparameters are manually tuned using the validation data
set, network performance is evaluated on held-out test data set

G Parameters

Parameter Value Description
T 2 Trial length
N© 784 Number of input neurons/pixels
Ny 100 Number of hidden layer neurons
Niar 10 Number of output neurons
Tm 6/m Membrane time constant
Iy 5/4 Constant input current component
M([\/%, %]) Distribution of weights wg) before learning
do/2 Value of initial states Vi(l)(O) before learning
¥ 1072 Regularization parameter
Nyaten 1000 Batch size
n 4x1073 Learning rate
T 102 Time scale of exponential learning rate decay
51 0.9 Exponential decay rate used to track first moment of gradient in AdaBelief
B2 0.999 Exponential decay rate used to track second moment of gradient in AdaBelief
Piip 0.02 Flip probability of each pixel during learning
Nepoch 100 Number of epochs (passes through the entire training data set) used for
learning

1 Number of epochs used for pretraining in Fig. S9(d).
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Table S8. Description of the multi-layer network of Fig. S2.

‘

Model summary

Population Two: One hidden layer, one output layer

Connectivity Feedforward connectivity only

Neuron QIF

Synapse Extended coupling (exponentially decaying input current)
Input Two input spikes

Input layer One input layer consisting of two neurons with fixed spike times
Hidden layers One hidden layer consisting of two neurons

Output layer One output layer consisting of one neuron

Connectivity

‘

Input neuron 1 excites both hidden neurons with the same variable synaptic strength w, wi; = wi; = w. Input
neuron 2 has no connection to hidden neuron 1, wi, = 0, and inhibits hidden neuron 2 with fixed synaptic
strength wi, = —2. Hidden neuron 1 excites the output neuron with fixed synaptic strength w?, = 3. Hidden
neuron 2 inhibits the output neuron with fixed synaptic strength w?, = —1. w changes from 2 to 6 in steps of
Aw = 107°%. We compute the spike time gradient with respect to the synaptic weight w using the change of same
spike times Atg, between subsequent w as Atsp/Aw.

‘

Neuron and synapse model
Name QIF neuron with extended coupling

Neuron dynamics (angle space) égl)(t) = cos(m;ﬁgl)(t)) (cos(mbgl)(t)) + %sin(mbi-l)(t)))
+ L sin?(wel” (1)1 (2)
(Subthreshold dynamics of neuron ¢ in layer [)

po =1 (Threshold)
(breset =0 (Reset)
. 2
Synaptic dynamics Tslfl)(t) = 711.(” ) +7 >, wx-) D0t —try)
j=1 k;
(tk;: kth spike time of neuron j)

Pseudodynamics After the trial end, neurons evolve as described in Sec. IB2
E Input
Type Description
Input spikes One input spike from input layer neuron 1 at time ¢ = 1. One input spike

from input layer neuron 2 at time ¢ = 0.

Parameter Value Description
T 8 Trial length
d 2 Pseudospike dynamics parameter, Eq. (S31)
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Table S9. Description of the QIF neuron model of Fig. S3.

Model summary

‘

Population A single neuron

Neuron QIF

Synapse Extended coupling (exponentially decaying input current)
Input One test input

‘

Neuron and synapse model
Name QIF neuron with extended coupling
Neuron dynamics (angle space) ¢(t) = cos(m¢(t)) (cos(m(t)) + L sin(me(2)))
T L sin?(r(8) (1)
(Subthreshold dynamics of neuron 4 in layer 1)

po =1 (Threshold)
¢reset =0 (Reset)
Synaptic dynamics T I(t) = —I(t)

(I(0) = w: weight of test input)

C Input
Type Description
Test input Input time t = 0, input weight w varied between wmin = —8.5 and Wmax = 60

in steps of 1074

Parameter Value Description
T 10 Trial length
¢(0) ®(3) ~ 0.74 Initial phase

Table S10. Description of the QIF neuron model of Figs. S4 and S5.

Model summary

‘

Population A single neuron

Neuron QIF

Synapse Extended coupling (exponentially decaying input current)
Input One test input, four further inputs.

Neuron and synapse model

‘

Name QIF neuron with extended coupling
Neuron dynamics (angle space) ¢(t) = cos(m¢(t)) (cos(m(t)) + L sin(me(1)))
+ L sin®(mo(6)) 1(1
(Subthreshold dynamics of neuron 4 in layer 1)

po =1 (Threshold)
¢reset =0 (Reset)
Synaptic dynamics TI(t) = —I(t) + 7 S w;d(t — tj)
J

(wj,t;: weight and time of jth input)

C Input
Type Description
Test input Fig. S4: Input time t; varied between 0 and 8 in steps of 107°, input weight

Fig. S5: Input time ¢; = 2.22, input weight w; varied between wmin = —8.5
and wmax = 60 in steps of 1074,

Further inputs Input from input neuron 1 at times 1 and 1.5, weight 2. Input from input
neuron 2 at time 3, weight —3. Input from input neuron 3 at time 5, weight
4.

D Parameters

Parameter Value Description

T 10 Trial length
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Table S11. Description of the QIF neuron models and the analysis of Fig. S6.

Model summary

‘

Population A single neuron

Neuron (a) QIF, (b) Oscillatory QIF

Synapse Extended coupling (exponentially decaying input current)
Input One test input, balanced Poisson spike train

‘

Neuron and synapse model

Name QIF neuron with extended coupling

Neuron dynamics V() =V(@)(V(t)—1)+ I(t) (Subthreshold dynamics)
Ve = 10000 (Threshold)
Vieset = —10000 (Reset)

Synaptic dynamics Td(t) = —I(t) + Io 4+ 7 S wid(t — ;)

(ws, t;: weight and time of ith input spike)

Type Description

Test input Input time ¢ = 5, uniformly distributed, strength between wmin = —1.5 and
Wmax = 1.D5.

Poisson input Input arrivals during the entire trial, frequency 10 (1kHz), weights w; nor-
mally distributed, standard deviation (a) o = 0.5, (b) o = 0.25.

Parameter Value Description

T 15 Trial length

Io (a) 0, (b) 0.5 Constant drive

Type Description

Empirical probability estimation We consider 10000 sets of trials. In a single set, the randomly chosen Poisson

input spike trains are kept the same, while we sample the test input. To
resolve also steep gradients, we use an adaptive sampling scheme: The test
input weight is decreased from wmax t0 Wmin With an initial and (in absolute
value) maximal step size of Aw = —0.1. The spike times thus increase
between subsequent trials. We choose as desired maximum of the spike time
differences Ats, between same spikes in trial 4 + 1 and 4 the value 0.1. If it
is exceeded by a factor of 2, trial 7 4+ 1 is discarded and Aw is reduced by a
factor of 2. If the observed maximum is smaller than desired by a factor of 2,
Aw is increased by a factor of 2, up to the maximal step size. We compute
the negative gradients via —Ats,/Aw. After the trial set is completed, we
sum the lengths of the test weight intervals for which a spike lies in time bin
n (bin size 2) and has a gradient in size bin m. The result is normalized by
the entire test weight interval sampled. This gives the trial set’s probability
estimate for bin m in histogram n. Averaging over all trial sets yields the
final result.
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